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U.S. - based Electron-Ion Collider (EIC)
q A long journey, a joint effort of the full community:

… three profound questions:
      How does the mass of the nucleon arise?
      How does the spin of the nucleon arise?
      What are the emergent properties of dense systems of gluons?

“… answer science questions that are compelling,
      fundamental, and timely, and help maintain U.S.
      scientific leadership in nuclear physics.”

… …

2018

A new era to explore the emergent phenomena of QCD!

q January 9, 2020: The U.S. DOE announced the selection of BNL as the site for the Electron-Ion Collider 
Achieved Critical Decision 1 (CD1) approval, July 6, 2021:
Hope to have CD2 in 2025, & an operational machine in 2035 (President’s budget) 
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U.S. - based Electron-Ion Collider (EIC)

EIC

A machine that will unlock the secrets of the strongest force in Nature
Like a CT Scanner for Atoms

https://www.bnl.gov/eic/

• Center of Mass Energies: 
    20 GeV – 141 GeV
• Required Luminosity: 
    1033  - 1034 cm-2s-1

• Hadron Beam Polarization: 
    80%
• Electron Beam Polarization: 
    80%
• Ion Species Range: 
    p to Uranium
• Number of interaction regions: 
    up to two

Basic Tech Requirements
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US-EIC – can do what HERA could not do
q Quantum imaging:

² HERA discovered: 10-15% of e-p events is diffractive – Proton not broken!

² US-EIC:  100-1000 times luminosity – Critical for 3D tomography! 

Large momentum transfer 
without breaking the proton

Luminosity!

q Quantum interference & entanglement:
² US-EIC:  Highly polarized beams – Origin of hadron property: Spin, …          
                     Direct  access to chromo-quantum interference!

�(Q,~s) / + + + · · ·

2

p,~s k

 t ⇠ 1/Q

T (3)(x, x) /Quantum interference�(s)� �(�s) No probability 
interpretation! 

q Nonlinear quantum dynamics:
² US-EIC:  Light-to-heavy nuclear beams – Origin of nuclear force, … 
                     Catch the transition from chromo-quantum fluctuation to chromo-condensate of gluons, …
                     Emergence of hadrons (nuclei as femtometer size detectors!),
                      – “a new controllable knob” – Atomic weight of nuclei

Wave nature of quark/gluon field
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Frontiers of QCD and Strong Interaction
q Understanding where did we come from? Global Time: 

QCD at high temperature, high densities, phase transition, …
Facilities – Relativistic heavy ion collisions: SPS, RHIC, the LHC, … 

q Understanding what are we made of?

NO quarks and gluons can be seen in isolation!§ Try to understand the emergent properties of nucleon 
and nuclei (elements of the periodic table) in terms of 
elements of the modern periodic table?

§ Understanding QCD fully is still beyond the best 
mind that we have!

Nuclear Femtography:
Search for answers to these questions at a Fermi scale!
Facilities – CEBAF, EIC, EICC, LHeC, …    

See Helen’s 
lectures
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How to See Internal Structure of a Hadron – Breaking it? 

q Atomic structure: dating back to Rutherford experiment (over 100 years ago):

Only measure the scattered a-particle
Energy and scattering angle

α + Au   è  α + X   Experiment setup:

Discovery: 

§ Tiny nucleus – less than 1 trillionth in volume of an atom
§ Quantum probability – the new Quantum World!  

Theory

Quantum orbitals

Discovery

Rutherford’s
Experiment - Data

Expectation

J.J. Thomson’s
plum-pudding model

Infinite opportunities to create & improve ! Nano-science
(1-100 nm)
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How to See Internal Structure of a Hadron – Breaking it? 

q A modern “Rutherford” experiment (over 50 years ago):

Discovery

Only measure the scattered lepton
Energy and scattering angle

Prediction

Quark
model

1968

SLAC Deep Inelastic Scattering (DIS)
<latexit sha1_base64="jxMoWLn6fBJfGU82g3D2KT8pt8Q=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsiEQdiVoyoCNZQTzgGQJs5O7yZDZBzOzQljS+Cs2ForY+hl2/o2TZAtNPDBwOOde7pzjxZxJZdvfRm5jc2t7J79b2Ns/ODwyj0/aMkoEhRaNeCS6HpHAWQgtxRSHbiyABB6Hjje5nfudRxCSReGDmsbgBmQUMp9RorQ0MM/A4uXK2IrLfRVhKFm8VMYV3B2YRbtqL4DXiZORIsrQHJhf/WFEkwBCRTmRsufYsXJTIhSjHGaFfiIhJnRCRtDTNCQBSDddBJjhS60MsR8J/UKFF+rvjZQEUk4DT08GRI3lqjcX//N6ifLrbsrCOFEQ0uUhP+FYZ523gYdMAFV8qgmhgum/YjomglClOyvoEpzVyOukfVV1rqu1+1qxUc/qyKNzdIEs5KAb1EB3qIlaiKIZekav6M14Ml6Md+NjOZozsp1T9AfG5w9Cq5OY</latexit>

e(l) + h(p) ! e0(l0) +X

1

Q
⌧ 1 fm

with a localized probe: 
<latexit sha1_base64="a4kvj5M1lmtaqK0Oi20twJVQfW0=">AAACDnicbVC7SgNBFJ31GeMramkzGIKxSNhdQrQRAjaWCZgHZJMwO5lNhsw+mLkrhiVfYOOv2FgoYmtt5984eRSaeODC4Zx7ufceNxJcgWl+G2vrG5tb26md9O7e/sFh5ui4ocJYUlanoQhlyyWKCR6wOnAQrBVJRnxXsKY7upn6zXsmFQ+DOxhHrOOTQcA9TgloqZfJ1br2NS7gvCiI84uujZ3BAFsOdoA9QOL5k25SsCe9TNYsmjPgVWItSBYtUO1lvpx+SGOfBUAFUaptmRF0EiKBU8EmaSdWLCJ0RAasrWlAfKY6yeydCc5ppY+9UOoKAM/U3xMJ8ZUa+67u9AkM1bI3Ff/z2jF4V52EB1EMLKDzRV4sMIR4mg3uc8koiLEmhEqub8V0SCShoBNM6xCs5ZdXScMuWuViqVbKVsqLOFLoFJ2hPLLQJaqgW1RFdUTRI3pGr+jNeDJejHfjY966ZixmTtAfGJ8/uVmZag==</latexit>

Q2 = �(l � l0)2 � 1 fm�2

Discovery: 
§ Partons/Quarks – Electric charged, spin-1/2 particles
§ Led to the birth of Quantum Chromodynamics (QCD) – gluons & color force!
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From SLAC experiment to the Parton Model

q  Feynman’s parton picture :
High energy scattering with a large momentum transfer:  

<latexit sha1_base64="OKqJhwQbNOzDracV9vlPfcGf9dw=">AAACFXicbVDLSgMxFM34rPU16tJNsAgupM6Uoi4LbtwIrdgHdIaSSTNtaJIZkoxQhvoRbvwVNy4UcSu4829Mp7PQ1gOBc8+5l5t7gphRpR3n21paXlldWy9sFDe3tnd27b39looSiUkTRyySnQApwqggTU01I51YEsQDRtrB6Grqt++JVDQSd3ocE5+jgaAhxUgbqWefNqA3GED37BZ6inJDUk9yGPJJMasrjvOQKTekNenZJafsZICLxM1JCeSo9+wvrx/hhBOhMUNKdV0n1n6KpKaYEbMiUSRGeIQGpGuoQJwoP82umsBjo/RhGEnzhIaZ+nsiRVypMQ9MJ0d6qOa9qfif1010eOmnVMSJJgLPFoUJgzqC04hgn0qCNRsbgrCk5q8QD5FEWJsgiyYEd/7kRdKqlN3zcrVRLdUqeRwFcAiOwAlwwQWogWtQB02AwSN4Bq/gzXqyXqx362PWumTlMwfgD6zPH1f2nG4=</latexit>

Q � 1/R ⇠ 1/fm ⇠ 200 MeV

Time-dilation

Boost

<latexit sha1_base64="scZf/v6Vs7ygU0RWSijbLV5sdG0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJr1sr1ah5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A2DeM7Q==</latexit>p

Momentum fraction: x = k+/p+f(x) = Probability to “catch” the quantum fluctuation!

Hard probe (t ~ 1/Q << fm)<latexit sha1_base64="UlOZr8EqQXCHBZuH5Xa1nuMr8xQ=">AAACKHicbZDLSgMxFIYzXmu9VV26CRZBsJaZUtSNWHDjsoXeoDMtmTSdhslkhiQjlqGP48ZXcSOiSLc+iWk7oLYeCPn4/3NIzu9GjEplmhNjZXVtfWMzs5Xd3tnd288dHDZlGAtMGjhkoWi7SBJGOWkoqhhpR4KgwGWk5fp3U7/1QISkIa+rUUScAHmcDihGSku93K3fPYc38DHSly1pAGvQ9jyYtRniHiPQ717YYoYFu/Cj9uqp2svlzaI5K7gMVgp5kFa1l3uz+yGOA8IVZkjKjmVGykmQUBQzMs7asSQRwj7ySEcjRwGRTjJbdAxPtdKHg1DowxWcqb8nEhRIOQpc3RkgNZSL3lT8z+vEanDtJJRHsSIczx8axAyqEE5Tg30qCFZspAFhQfVfIR4igbDS2WZ1CNbiysvQLBWty2K5Vs5XSmkcGXAMTsAZsMAVqIB7UAUNgMETeAHv4MN4Nl6NT2Myb10x0pkj8KeMr2++16QA</latexit>

k+ = xp+ ⇠ Q � hk�i, hkT i

<latexit sha1_base64="g6Mac9qWsCS4h/Hfv0/soIgSom0=">AAACGHicbZDLSgMxFIYz9VbHW9Wlm2ARKmqdKUXdCAU3Liv0Bp3pkEkzbZjMhSQjlqGP4cZXceNCEbfd+Tam7Sy09UDCz/efQ3J+N2ZUSMP41nIrq2vrG/lNfWt7Z3evsH/QElHCMWniiEW84yJBGA1JU1LJSCfmBAUuI23Xv5v67UfCBY3ChhzFxA7QIKQexUgq5BQu/Z4VJPAWlvze2Tn0exfqchqnuoXimEdPGTem3FDcKRSNsjEruCzMTBRBVnWnMLH6EU4CEkrMkBBd04ilnSIuKWZkrFuJIDHCPhqQrpIhCoiw09liY3iiSB96EVcnlHBGf0+kKBBiFLiqM0ByKBa9KfzP6ybSu7FTGsaJJCGeP+QlDMoITlOCfcoJlmykBMKcqr9CPEQcYamy1FUI5uLKy6JVKZtX5epDtVirZHHkwRE4BiVggmtQA/egDpoAg2fwCt7Bh/aivWmf2te8NadlM4fgT2mTH1r6m4o=</latexit>

kµ = (k+, k�, kT ) ⇡ (k+, 0�, 0T ) <latexit sha1_base64="LRUJ5QehJj0XBnWAOobKu0Ti0gw=">AAAB/HicdVDLSgMxFM3UV62vapdugkVwNUynT3cFNy4r2Fpox5JJM21oZhKSjHQo9VfcuFDErR/izr8x01ZQ0QMXTs65l9x7fMGo0o7zYWXW1jc2t7LbuZ3dvf2D/OFRR/FYYtLGnHHZ9ZEijEakralmpCskQaHPyI0/uUj9mzsiFeXRtU4E8UI0imhAMdJGGuQLk9t+GPeREJJP4VSkr0G+6NjnjZpbdaFjO07dLddS4tYrbhmWjJKiCFZoDfLv/SHHcUgijRlSqldyhPZmSGqKGZnn+rEiAuEJGpGeoREKifJmi+Xn8NQoQxhwaSrScKF+n5ihUKkk9E1niPRY/fZS8S+vF+ug4c1oJGJNIrz8KIgZ1BymScAhlQRrlhiCsKRmV4jHSCKsTV45E8LXpfB/0nHtUs2uXlWKTXcVRxYcgxNwBkqgDprgErRAG2CQgAfwBJ6te+vRerFel60ZazVTAD9gvX0CeJCVSA==</latexit>

kµ ⇡ xpµ

At t ~ 1/Q << fm, the hard probe is only sensitive to the momentum fraction of the probed “parton” 
(quark or gluon) xP ~ Q >> kT , and the probability f(x) to find this “parton” (quark or gluon)

Feynman:

q  Feynman’s parton model for DIS:

�DIS(x,Q
2) =

2

<latexit sha1_base64="xO3YtE+pcEPTc0ueBS3L29KPU2M="></latexit>

E0 d�eh!e0X

d3l0
=

X

i

Z
d⇠ fi/h(⇠)E

0 d�̂ei!e0X

d3l0

<latexit sha1_base64="EWHcYnsR7CnZNqYuhqa7cUI4hvQ="></latexit>

d�̂ei!e0X =
1

2ŝ
|Mei!e0X |2

<latexit sha1_base64="3e3n9a+EUBCiSOQ4ZlU7Lu93os8=">AAACCnicbVDLSsNAFJ3UV42vqEs30SK2SEtSSnVZcOOygn1AU8tkMm2HTiZh5kYspWs3/oobF4q49Qvc+TdOHwttPXDhcM693HuPH3OmwHG+jdTK6tr6RnrT3Nre2d2z9g/qKkokoTUS8Ug2fawoZ4LWgAGnzVhSHPqcNvzB1cRv3FOpWCRuYRjTdoh7gnUZwaCljnXsAQupMrNFL2a5u5IXUA44y88f4jw/yw9yZsfKOAVnCnuZuHOSQXNUO9aXF0QkCakAwrFSLdeJoT3CEhjhdGx6iaIxJgPcoy1NBdb726PpK2P7VCuB3Y2kLgH2VP09McKhUsPQ150hhr5a9Cbif14rge5le8REnAAVZLaom3AbInuSix0wSQnwoSaYSKZvtUkfS0xApzcJwV18eZnUiwW3XCjdlDKV8jyONDpCJyiLXHSBKugaVVENEfSIntErejOejBfj3fiYtaaM+cwh+gPj8wfFUphc</latexit>

⇥(2⇡)4�(l + xp� l0 � k)
<latexit sha1_base64="wUwZGXDQ9Rcdc8XT3sEW6WuB3/0=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0VaNyVpS3XhoiCCywr2AU1aJtNJO2TyYGYilJCfceOvuHFhEcGVv+L0AdrWAxcO59zLvfc4EaNCGsaXltnY3Nreye7m9vYPDo/045OWCGOOSROHLOQdBwnCaECakkpGOhEnyHcYaTve7dRvPxEuaBg8ynFEbB8NA+pSjKSS+vqNJalPRM5yOcLJoFfx0qRYtiJ62avA8l3fS38tVljyCmlfzxslYwa4TswFyYMFGn19Yg1CHPskkJghIbqmEUk7QVxSzIhaFQsSIeyhIekqGiB1mp3MvkzhhVIG0A25qkDCmfp3IkG+EGPfUZ0+kiOx6k3F/7xuLN1rO6FBFEsS4PkiN2ZQhnAaGRxQTrBkY0UQ5lTdCvEIqVCkCjanQjBXX14nrXLJrJWqD9V8vbaIIwvOwDkoAhNcgTq4Bw3QBBg8g1fwDibai/amfWif89aMtpg5BUvQvn8A7/2i+w==</latexit>

⇥ d3k

(2⇡)32Ek

d3l0

(2⇡)32E0

<latexit sha1_base64="BnLCQ9TzaavA7RQOx+Grx1ldhes="></latexit>

E0 d�̂ei!e0X

d3l0
/ �(⇠ � x)

<latexit sha1_base64="z5ymCRl6WEVGHXqXpRLXq67NgFU="></latexit>

E0 d�eh!e0X

d3l0
/

X

i

e2i fi/h(x)

Pξ
q

l l' 2
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Quantum Chromodynamics (QCD)
= A quantum field theory of quarks and gluons = 

q Fields: Quark fields:  spin-½ Dirac fermion (like electron)

Gluon fields:  spin-1 vector field (like photon)

q QCD Lagrangian density:

q QED – force to hold atoms together:
LQED(�, A) =

X

f

 
f
[(i@µ � eAµ)�

µ �mf ] 
f � 1

4
[@µA⌫ � @⌫Aµ]

2

QCD is much richer in dynamics than QED

Gluons are dark, but, interact with themselves, NO free quarks and gluons

Color triplet:  
Flavor:

Color octet:
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Gauge Properties of QCD:

where

q Gauge Invariance:

q Color matrices:

Generators for the fundamental representation of SU3 color

q Gauge Fixing:

Allow us to define the gauge field propagator:

with  the Feynman gauge
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Ghost in QCD

so that the optical theorem (hence the unitarity) can be respected,

q Ghost: Ghost Only needed when we are working
in a covariant gauge
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Feynman Rules in QCD

q Propagators:

Quark:  

Gluon:  

i

� · k �m
�ij

Ghost:  i�ab
k2

i�ab
k2


�gµ⌫ +

kµk⌫
k2

✓
1� 1

�

◆�

for a covariant gauge

i�ab
k2


�gµ⌫ +

kµn⌫ + nµk⌫
k · n

�

for a light-cone gauge
n ·A(x) = 0 with n2 = 0

Only needed when we are working in a covariant gauge

q Interactions:
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QCD Color is Fully Entangled

q QCD color confinement:
o Do not see any quarks and gluons in isolation
o The structure of nucleons and nuclei – emergent properties of QCD 

Color Confinement Asymptotic freedom

Probing
scale

Q (GeV)

200 MeV (1 fm) 2 GeV (1/10 fm)20 MeV (10 fm)

Asymptotic
regime
PQCD
works

beautifully!

QCD at the Fermi Scale:  Femto-science (0.1-10 fm)
§ The most interesting, rich, and complex regime of the theory!
§ All emergent phenomena depend on the scale at which we probe them!

q QCD is non-perturbative:
o Any cross section/observable with identified hadron 

is not perturbatively calculable!

o Color is fully entangled!

Atomic structure

Quantum orbits

B-meson

Brown-Muck

B+(ub̄)
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Theoretical Approaches – Approximations:
q Perturbative QCD Factorization: 

DIS
tots  Ä

1 O
QR
æ ö

+ ç ÷
è ø

e p

Probe
Hard-part

Structure
Parton-distribution

Approximation
Power corrections

– Approximation at Feynman diagram level

Soft-collinear effective theory (SCET), Non-relativistic QCD (NRQCD), Heavy quark EFT, chiral EFT(s), …

q Effective field theory (EFT): 
– Approximation at the Lagrangian level 

q Lattice QCD: 
– Approximation for finite lattice spacing, finite box, lightest quark masses, … with Euclidean time formulation
   (removable with increased computational cost)

Hadron structure, hadron spectroscopy, nuclear structure, phase shift, … 

q Other approaches: 
Light-cone perturbation theory, Dyson-Schwinger Equations (DSE), Constituent quark models, 
AdS/CFT correspondence, …
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QCD Asymptotic Freedom

q Interaction strength:

μ2 and μ1 not independent

Controllable perturbative QCD 
calculations at HIGH ENERGY!

Discovery of QCD
Asymptotic Freedom
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Renormalization, Why need?

q Scattering amplitude:

= +

+  ...+

Ei EiEI

= 1 ...   + ...   
i

I
I

PS
EE

æ ö
+ç ÷

è ø
Þ

-
¥ò

UV divergence:                result of a “sum” over states of high masses

Uncertainty principle:    High mass states = “Local” interactions

No experiment has an infinite resolution!
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Physics of Renormalization

q UV divergence due to “high mass” states, not observed

= +

“Low mass” state “High mass” states

-

q Combine the “high mass” states with LO

LO: + =
Renormalized coupling

NLO: - + ... No UV divergence!

q Renormalization  = re-parameterization of the expansion parameter in perturbation theory
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Renormalization Group

q Physical quantity should not depend on the choice of renormalization scale μ              
                     renormalization group equation:

q  Running coupling constant:

q  QCD β function:

q  QCD running coupling constant:
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Effective Quark Mass

q Running quark mass:

Quark mass depend on the renormalization scale!

q QCD running quark mass:

q Choice of renormalization scale:

for small logarithms in the perturbative coefficients

q Light quark mass: 

QCD perturbation theory (Q>>ΛQCD)
is effectively a massless theory
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Infrared and Collinear Divergences

q Consider a general diagram:

for a massless theory

² 

Infrared (IR) divergence

² 

Collinear (CO) divergence

Singularity

IR and CO divergences are generic problems 
of a massless perturbation theory



20

Infrared Safety (IRS)

q Infrared safety:

Infrared safe  =  κ > 0

Purely perturbative calculations alone (exploiting asymptotic freedom) 
are only useful for quantities that are infrared safe (IRS)!

q Cross section with identified hadron(s):
o Can not be calculated perturbatively! 

o Solution – QCD factorization: 
§ to isolated what can be calculated perturbatively, 
§ to represent the leading non-perturbative information by universal functions
§ to justify the approximation to neglect other nonperturbative information, 

such as power corrections, …
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Foundation of QCD Perturbation Theory

q Renormalization 

     – QCD is renormalizable Nobel Prize, 1999
‘t Hooft, Veltman

q Asymptotic freedom 

     – weaker interaction at a shorter distance Nobel Prize, 2004
Gross, Politzer, Welczek

q Infrared safety and factorization 

    – calculable short distance dynamics 

     – pQCD factorization – connect the partons to physical cross sections

J. J. Sakurai Prize, 2003
Mueller, Sterman

Look for infrared safe and factorizable observables!
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Physical Observables

Hadronic scale ~ 1/fm ~ 200 MeV is NOT 
a perturbative scale

Cross sections with identified hadron(s) 
are 

non-perturbative!

q Purely infrared safe quantities

q Observables with identified hadron(s), but, 
factorizable in QCD

Look for two-types physical observables:
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Fully Infrared Safe Observables – I

Fully inclusive, without any identified hadron!

The simplest observable in QCD

�total
e+e�!hadrons = �total

e+e�!partons
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e+e- è Hadrons Inclusive Cross Sections 

q e+e- è hadron total cross section – not a specific hadron!

Hadrons “n”

Partons  “m”

2
�tot
e+e�!hadrons /

If there is no quantum interference between partons and hadrons,

tot
hadrons

P P PP Pm ne e e e n e e m e e m
n

m n
nn m m

s + - + - + - + -®® ® ® ® ®µ = =å å åå å =1

tot
partons

P
e e e e m

m
s + - + -® ®

µå tot tot
hadrons partonse e e e

s s+ - + -® ®
=

q e+e- è parton total cross section:

Calculable in pQCD

Finite in perturbation 
theory – KLN theorem
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Infrared Safety of e+e- Total Cross Sections
q Optical theorem:

Hadrons 
“n”

Partons  “m”

2
�tot
e+e�!hadrons /

q Time-like vacuum polarization:

IR safety of IR safety of with  

q IR safety of               :
If there were pinched poles in Π(Q2),    

² real partons moving away from each other
² cannot be back to form the virtual photon again!

Rest frame of the virtual photon
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Lowest Order (LO) Perturbative Calculation

q Lowest order Feynman diagram:

q Invariant amplitude square:

( ) ( )

4 2
2

2
12 2

1 2

4 2 2 2 2 2 2
2

1 1 Tr
2

                Tr

2                 = ( ) ( ) 2

| | Q

Q Q

Q Q Q

c

c Q

e e QQ
e e p p

s
k m k m

e e m t m u s
s

N

m

M

N

µ n

µ n

g g g g

g g g g

+ -®
é ù= × ×ë û

é ù´ × + × -ë û

é ù- + - +ë û

2
1 2

2
1 1

2
2 1

( )
( )
( )

s p p
t p k
u p k

= +

= -

= -

p1 k1

p2 k2

q Lowest order cross section:

2
2 2| |     1 whe
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Threshold constraint

One of the best tests for the number of colors
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Next-to-Leading Order (NLO) Contribution

q Real Feynman diagram:

2 .      with 1,2,3
/ 2
i i

i
E p qx i

ss
= = =

2 .
2

i
i

i
i

p q
x

s

æ ö
ç ÷
è ø= =
å

å ( ) ( )1 2 3 232 1 1 cos ,    .x x x cyclq- = -

+ crossing

q Contribution to the cross section:

( )( )
2 2
1 2

0 1 2 1 2

1
 2 1 1
e e

F
QQg s

d x x
dx dx x x

C
s a

s p
+ -® +

=
- -

IR      as  x3→0
CO    as  θ13→0
               θ23→0 

Divergent as xi →1 
Need the virtual contribution and a regulator!
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How Does Dimensional Regularization Work?

q Complex n-dimensional space:

(2) Calculate 
IRS quantities 
here

(3) Take ε è 0 
for IRS quantities only

Re(n)

Im(n)

4 6

UV-finite, IR-finite

Theory cannot be 
renormalized!

(1)  Start from here:

 UV renormalization

a renormalized theory     
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Dimensional Regularization for both IR and CO 

q NLO with a dimensional regulator:

( )
( ) 2

22
(1) (0)
3, 2, 2

4 1 3
3

1914
1 3 42

s

Q

e

e e

ea pµs s
p e ee

é ùG -æ öæ ö é ù= ê úç ÷ç ÷ ê úG - ë ûè ø ê úè
+

ø
+

ë û
² Real:

( ) ( )
( ) 2

22 2
(1) (0)
2, 2, 2

14 1 3 4
14

1 23 2 2
s

Qe e

e e ea pµ ps
p e e

s
e

é ùG - G +æ ö é ùæ ö= +ê úç ÷ç ÷ ê úG -
- -

è ø ê úè ø ëû
-

ûë
² Virtual:

No ε dependence!( )(1) (1) (0)
3, 2, 2

s Oe e
as s s e
p
é ù+ = +ê úë û

² NLO:

σtot is independent of the choice of IR and CO regularization

( ) ( )(tot (0) 2 (01) (1)
3, 2

) 2
2 , 2 1s s

sO Oe es s a s aas s
p

é ù= + + = + +ê úë û
+² Total: σtot is Infrared Safe!

Highest order perturbative calculations
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Hadronic Cross Section in e+e- Collisions

q  Normalized hadronic cross section: 

Re+e�(s) ⌘
�e+e�!hadrons(s)

�e+e�!µ+µ�(s)

⇡ Nc

X

q=u,d,s

e2q


1 +

↵s(s)

⇡
+O(↵2

s(s))

�

+Nc

X

q=c,...

e2q

" 
1 +

2m2
q

s

!r
1�

4m2
q

s
+O(↵s(s))

# 2


1 +

↵s(s)

⇡
+ ...

�Nc = 3

Go beyond the inclusive total cross section?

Might still be the 
best observable for

confirming Nc=3!
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Fully Infrared Safe Observables - II

No identified hadron, but, with phase space constraints

�Jets
e+e�!hadrons = �Jets

e+e�!partons

Jets – as the “trace” or “footprint” of partons

Thrust distribution in e+e- collisions

etc.
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Jets – the Trace of Partons 

q  Jets – “total” cross-section 
                 with a limited phase-space  

q Q: will the IR cancellation be completed
          with the constraint on the phase space?

² Leading partons are moving away from each 
other, carrying color!

² Soft gluon interactions should not change the 
direction of an energetic parton → a “jet” 

      – “trace” of a parton

q Many Jet algorithms

Not any specific hadron!

Sterman-Weinberg Jet

ε √s = δ’ Z-axis

θ

δ

δ

E2

E1
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Infrared Safety for Restricted Cross Sections

q For any observable with a phase space constraint, Γ,

( )
( )

( )

( )

2

2 2 1 2
2

3

3 3 1 2 3
3

1 2

1 ( , )
2!

1           + ( , , )
3!

           + ...

1           + ( , ,..., ) + ...
!

n

n n n
n

dd d k k
d

dd k k k
d

dd k k k
n d

ss

s

s

G º W G
W

W G
W

W G
W

ò

ò

ò

where Γn(k1,k2,…,kn) are constraint functions
and invariant under interchange of n-particles

q Conditions for IRS of dσ(Γ):

( ) ( )1 1 21 2, ,..., (1 ) , , ,...,n n nn nk k k k k k kµ µ µl l+G - =G with  0 1l£ £

( ) ( )tot
1 2 1  for all , ,...,      n n nk k k s= ÞGSpecial case:

Measurement cannot distinguish a state with a zero/collinear momentum parton 
from a state without this parton – inclusiveness!

Physical meaning:
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An Early Clean Two-Jet Event

A clean trace of two
partons – a pair of 

quark and antiquark
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Early Three-Jet Event – Discovery of the Gluon or the Gluon Jet

Reputed to be the first 
three-jet event from TASSO
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Tagged Three-Jet Event from LEP
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Two-Jet Cross Section in e+e- Collisions 

q Parton-Model = Born term in QCD:  
( ) ( )PM 2
2 et 0J

3 1 cos
8

qss = +

q Two-jet in pQCD:  

( ) ( )pQCD 2
2Je 0t

1

3 1 cos 1
8

n

n

s
nCs as q
p=

æ öæ ö= + +ç ÷ç ÷ç ÷è øè ø
å

( )n nC C d=with 

q Sterman-Weinberg jet:  

total 2Jet         as  Qs s= ®¥
Sterman-Weinberg Jet

ε√s=δ’ Z-axis

θ

δ

δ

E2

E1

σ 2Jet
pQCD( ) =

3
8
σ 0 1+ cos

2θ( )

1− 4
3
αs
π
4ln δ( ) ln δ '( )+3ln δ( )+ π

2

3
+
5
2

"

#
$

%

&
'

(

)
*
*

+

,
-
-

X
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Basics of Jet Finding Algorithms

q Recombination jet algorithms (almost all e+e- colliders):

Recombination metric:

² combine the particle pair            with the smallest      :   

² iterate until all remaining pairs satisfy:     

² different algorithm =  different choice of         :     for Durham kT

e.g. E scheme : pk = pi + pj

q Cone jet algorithms (CDF,LHC, …, EIC, … colliders):

² Require a minimum visible jet energy:     

² Cluster all particles into a cone of half angle     to form a jet:     

Recombination metric: dij = min
⇣
k2pTi

, k2pTj

⌘ �2
ij

R2

² Classical choices:   p=1 – “kT algorithm”,  p= -1 – “anti-kT”, … <latexit sha1_base64="HfIRzAX6+q8OA6hFxN7gwMmnIzY=">AAACDXicbVDLSgNBEJz1bXxFPXoZjIIghN0Q1IsQ0INHFfOAbBJmJ51kyOzDmV4hLPkBL/6KFw+KePXuzb9xkuxBEwsaaqq6me7yIik02va3NTe/sLi0vLKaWVvf2NzKbu9UdBgrDmUeylDVPKZBigDKKFBCLVLAfE9C1etfjPzqAygtwuAOBxE0fNYNREdwhkZqZQ9uz119rzBxL0EicwFZs0CPafqMeqJZGLayOTtvj0FniZOSHElx3cp+ue2Qxz4EyCXTuu7YETYSplBwCcOMG2uIGO+zLtQNDZgPupGMrxnSQ6O0aSdUpgKkY/X3RMJ8rQe+Zzp9hj097Y3E/7x6jJ2zRiKCKEYI+OSjTiwphnQUDW0LBRzlwBDGlTC7Ut5jinE0AWZMCM70ybOkUsg7J/niTTFXKqRxrJA9sk+OiENOSYlckWtSJpw8kmfySt6sJ+vFerc+Jq1zVjqzS/7A+vwBRm2bAw==</latexit>

R =
p

�⌘2 +��2

<latexit sha1_base64="3A4Xks/UHVBqti6gX8KhI2gns5U=">AAACIHicbZBNS8NAEIY39bt+RT16CRahIpakFPUiCHrwqGC10MSy2U7bbTcf7k6EEvpTvPhXvHhQRG/6a9zUHNQ6sMzLMzPMzuvHgiu07Q+jMDU9Mzs3v1BcXFpeWTXX1q9UlEgGdRaJSDZ8qkDwEOrIUUAjlkADX8C1PzjJ6td3IBWPwkscxuAFtBvyDmcUNWqZB+4pCKStlPdHR666lZiWXdCA741Tf+emWtwtu3GPZyhLGRq1zJJdscdhTQonFyWSx3nLfHfbEUsCCJEJqlTTsWP0UiqRMwGjopsoiCkb0C40tQxpAMpLxweOrG1N2lYnkvqFaI3pz4mUBkoNA193BhR76m8tg//Vmgl2Dr2Uh3GCELLvRZ1EWBhZmVtWm0tgKIZaUCa5/qvFelRShtrTojbB+XvypLiqVpz9Su2iVjqu5nbMk02yRcrEIQfkmJyRc1InjNyTR/JMXowH48l4Nd6+WwtGPrNBfoXx+QVrq6Ju</latexit>

�ij =
q

(⌘i � ⌘j)2 + (�i � �j)2
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Thrust Distribution – Event Shape

q Thrust axis:
Tn p1

µ , p2
µ ,..., pn

µ( ) =max!u
!pi ⋅
!u

i=1

n
∑

!pii=1

n
∑

#

$

%
%%

&

'

(
((

!u

!u !u

q Phase space constraint:

² Contribution from p=0 particles drops out the sum

² Replace two collinear particles by one particle does not change the thrust:

and

d�e+e�!hadrons

dT
( ) ( )( )1 2 1 2, ,..., , ,...,n n n np p p T T p p pµ µ µ µ µ µdG = -with

q Other IRS event shape observables: Energy-energy correlations, jetness, …
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