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§ Lec. 1:  EIC & Fundamentals of QCD
§ Lec. 2:  Probing Structure of Hadrons
                    without seeing Quark/Gluon?
                        – breaking the hadron!
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TMDs:  Correlation between Hadron Property and Parton Flavor-Spin-Motion
q Quantum correlation between hadron spin and parton motion:

Hadron spin influences 
parton’s transverse motion

Sivers effect – Sivers function

Polarized hadron

Observed particle

q Quantum correlation between hadron spin and parton spin:

Observed particle

Polarized hadron

Hadron spin and parton spin
influence 

parton’s transverse motion

Pretzelosity – model OAM

q Quantum correlation between parton’s spin and its hadronization:

Parton’s transverse polarization
influences its hadronization 

Transversity

Observed particle

Polarized hadron

Collins effect – Collins function Fig. 2.7 NAS Report
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Polarization and Spin Asymmetry

Explore new QCD dynamics by varying the spin orientationq Cross section:
Scattering amplitude square – Probability – Positive definite 

q Spin-averaged cross section:

�AB(Q,~s) ⇡ �(2)
AB(Q,~s) +

Qs

Q
�(3)
AB(Q,~s) +

Q2
s

Q2
�(4)
AB(Q,~s) + · · ·

– Positive definite 

q Asymmetries or difference of cross sections:
– Not necessary positive! § both beams polarized

§ one beam polarized

AN =
�(Q,~sT )� �(Q,�~sT )
�(Q,~sT ) + �(Q,�~sT )

Chance to see quantum interference directly
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Dual Roles of the Proton Spin Program

q Nucleon Spin – without it, our visible world would not be the same!

Spin is a consequence of internal dynamics of the bound state

For example, the nucleon-nucleon interaction and shell structure determines the observed 
nuclear spin states

Decomposition of proton spin in terms of quark and gluon d.o.f. helps to understand 
the dynamics of a fundamental QCD bound state
– Nucleon is a building block of all hadronic matter (> 95% mass of all visible matter)

q Use the spin as a tool – asymmetries:

Cross section is a probability – classically measured

Spin asymmetry – the difference of two cross sections involving two different spin states 

Asymmetry could be a pure quantum effect!

q Proton is a composite particle:
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Spin of a Composite Particle

q Spin:
²  Pauli (1924):  “two-valued quantum degree of freedom” of electron – 1st formulation of spin
²  Pauli/Dirac:                                       (fundamental constant     )   
²  Composite particle  =  Total angular momentum when it is at rest

S = �
�

s(s + 1)
<latexit sha1_base64="Xd/QNHe1xqODjoNXsm3SB4cspeA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi8cKpi20oUy2m3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fju5nffmJK80Q+mknKghiHkkecorGS3xuFqPrVmlt35yCrxCtIDQo0+9Wv3iChWcykoQK17npuaoIcleFUsGmll2mWIh3jkHUtlRgzHeTzY6fkzCoDEiXKljRkrv6eyDHWehKHtjNGM9LL3kz8z+tmJroNci7TzDBJF4uiTBCTkNnnZMAVo0ZMLEGquL2V0BEqpMbmU7EheMsvr5LWRd27rl89XNYal0UcZTiBUzgHD26gAffQBB8ocHiGV3hzpPPivDsfi9aSU8wcwx84nz/EXY6h</latexit>

~

q Spin of a nucleus:
²  Nuclear binding:  8 MeV/nucleon  <<  mass of nucleon
²  Nucleon number is fixed inside a given nucleus
²  Spin of a nucleus  =  sum of the valence nucleon’s spin

q Spin of a nucleon – Naïve Quark Model:
²  If the probing energy  <<  mass of constituent quark
²  Nucleon is made of three constituent (valence) quarks
²  Spin of a nucleon  = sum of the constituent quark’s spin

State:

Spin:

p↑ =
1
18
u↑u↓d ↑+u↓u↑d ↑−2u↑u↑d ↓+perm.$% &'

Sp ≡ p↑ S p↑ =
1
2

,        S = Si
i
∑ Carried by valence quarks

Pauli and Bohr observing spin, 1954
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Spin of a Composite Particle

q Spin of a nucleon – QCD:

q Angular momentum of a proton at rest:

²  Current quark mass  <<  energy exchange of the collision

²  Number of quarks and gluons depends on the probing energy

S =
�

f

�P, Sz = 1/2| Ĵz
f |P, Sz = 1/2⇥ =

1
2

q QCD Angular momentum operator:

Angular momentum density

Energy-momentum tensor

²  Quark angular momentum operator:

²  Gluon angular momentum operator:

J i
QCD =

1
2

�ijk

�
d3x M0jk

QCD M�µ⇥
QCD = T�⇥

QCD xµ � T�µ
QCD x⇥

Understanding how quark/gluon contribute 
to proton’s spin needs to have the matrix 
elements of these partonic operators 
measured independently
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Current Understanding for Proton Spin

q The sum rule:

q An incomplete story:

S(µ) =
X

f

⇥P, S|Ĵz
f (µ)|P, S⇤ =

1

2
� Jq(µ) + Jg(µ)

§ Infinite possibilities of decompositions – connection to observables?
§ Intrinsic properties  +  dynamical motion and interactions     

1

2
=

1

2
�⌃+�G+ (Lq + Lg)Proton Spin

Net effect of partons’
transverse motion?

Orbital Angular Momentum
of quarks and gluons

Little known
Quark helicity 

Best known 

⇠ 30%

Gluon helicity
Start to know

⇠ 40%(with RHIC data)

Jaffe-Manohar, 90
Ji, 96, …
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Polarized Deep Inelastic Scattering

q  DIS with polarized beam(s):
“Resolution” Q ⌘

p
�q2

~
Q

=
2⇥ 10�16m

Q/GeV
. 10�16m = 1/10fm

“Inelasticity”

xB =
Q2

2P · q =
Q2

Q2 +M2
X �m2

– known as Bjorken variable

²  Recall – from lecture 2:

²  Polarized structure functions:
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Polarized Deep Inelastic Scattering

q Extract the polarized structure functions:

²  Difference in cross sections with hadron spin flipped

²  Spin orientation:

²  Define:                           , and lepton helicity      \(k̂, Ŝ) = ↵ �



9

Polarized Deep Inelastic Scattering

q  Spin asymmetries – measured experimentally:
² Longitudinal polarization –  ↵ = 0 Known function

Polarized DIS
at EIC
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Polarized Deep Inelastic Scattering

q Parton model results – LO QCD:

²  Structure functions:

²  Polarized quark distribution:
Information on nucleon’s
spin structure
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Polarized Deep Inelastic Scattering
q Systematics polarized PDFs – LO QCD:

²  Two-quark correlator:

²  Hadronic tensor (one –flavor):
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Polarized Deep Inelastic Scattering

²  3-leading power quark parton distribution:

²  General expansion of             :
<latexit sha1_base64="/9AeNb1mZRmA/1Dn3561aY9wljA=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoMQL8vuuiTRU8CLxwjmAckSZiezyZDZhzOzYgj5CS8eFPHq73jzb5xNIqhoQUNR1U13l59wJpVlfRi5ldW19Y38ZmFre2d3r7h/0JJxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3yZ+e07KiSLoxs1SagX4mHEAkaw0lKnl4xY+f600C+WLPO8VnHcCrJMy6rajp0Rp+qeucjWSoYSLNHoF997g5ikIY0U4VjKrm0lyptioRjhdFbopZImmIzxkHY1jXBIpTed3ztDJ1oZoCAWuiKF5ur3iSkOpZyEvu4MsRrJ314m/uV1UxXUvCmLklTRiCwWBSlHKkbZ82jABCWKTzTBRDB9KyIjLDBROqIshK9P0f+k5Zh2xXSv3VL9YhlHHo7gGMpgQxXqcAUNaAIBDg/wBM/GrfFovBivi9acsZw5hB8w3j4BT8CPfQ==</latexit>

�(x)

�(x) =
1

2

⇥
q(x)� · P + sk�q(x)�5� · P + �q(x)� · P�5� · S?

⇤



13

Polarized Deep Inelastic Scattering

q Physical interpretation:

Spin projection:

and
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Basics for Spin Observables

q Factorized cross section:

q Parity and Time-reversal invariance:

q IF:

q Example:

Operators lead to the “+” sign             spin-averaged cross sections

Operators lead to the “-” sign              spin asymmetries

or
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Proton “Spin Crisis” – Excited the Field

q EMC (European Muon Collaboration ’87) – “the Plot”:

g1(x) =
1

2

X

q

e2q [�q(x) +�q̄(x)]

+O(↵s) +O (1/Q)

Z 1

0
gp1(x)dx = 0.126± 0.018² Combined with earlier SLAC data:

from low energy neutron & hyperon β decay
² Combined with: g3A = �u��d g8A = �u+�d� 2�sand

q “Spin crisis” or puzzle:

² Strange sea polarization is sizable & negative

² Very little of the proton spin is carried by quarks 
New era of 
spin physics
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Determination of Δq and Δq

q W’s are left-handed:

q Flavor separation:

q Complications:

§ Lowest order:

§ Forward W+ (backward e+):

§ Backward W+ (forward e+):

High order, W’s pT-distribution at low pT
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What the EIC can do – EIC Yellow Report?

Room for “L”?
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Transverse spin phenomena in QCD

q  40 years ago, Profs. Christ and Lee proposed to use AN  of inclusive DIS
     to test the Time-Reversal invariance N. Christ and T.D. Lee, Phys. Rev. 143, 1310 (1966)

S *

Single Transverse-Spin Asymmetry (SSA)

In the approximation of one-photon exchange, AN of inclusive DIS vanishes if 
Time-Reversal is invariant for EM and Strong interactions

They predicted:
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AN for inclusive DIS

q DIS cross section:

q Leptionic tensor is symmetric:

q Hadronic tensor:

q Polarized cross section:

q Vanishing single spin asymmetry:

<latexit sha1_base64="bUYSSRbIwfwFM3TdQ8hszh5hRYY=">AAAB/3icbZDLSsNAFIYnXmu9RQU3boJFcFUSKepCoeDGhYsK9gJNLJPppB06MwlzEUrMwldx40IRt76GO9/GSZuFtv4w8M1/zmHO/GFCiVSu+20tLC4tr6yW1srrG5tb2/bObkvGWiDcRDGNRSeEElPCcVMRRXEnERiykOJ2OLrK6+0HLCSJ+Z0aJzhgcMBJRBBUxurZ+zf3qc+0z3V2mSPX5paVe3bFrboTOfPgFVABhRo9+8vvx0gzzBWiUMqu5yYqSKFQBFGclX0tcQLRCA5w1yCHDMsgneyfOUfG6TtRLMzhypm4vydSyKQcs9B0MqiGcraWm//VulpF50FKeKIV5mj6UKSpo2InD8PpE4GRomMDEAlidnXQEAqIlIksD8Gb/fI8tE6q3mm1dlur1C+KOErgAByCY+CBM1AH16ABmgCBR/AMXsGb9WS9WO/Wx7R1wSpm9sAfWZ8/+A6WDw==</latexit>

Lµ⌫ = L⌫µ

?
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AN for inclusive DIS

q  Define two quantum states:

q  Time-reversed states:

q  Time-reversal invariance:
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AN for inclusive DIS

q  Parity invariance:

Translation invariance:

q  Polarized cross section:
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AN in Hadronic Collisions
q AN  - consistently observed for over 40 years!

ANL – 4.9 GeV BNL – 6.6 GeV FNAL – 20 GeV BNL – 62.4 GeV

q Survived the highest RHIC energy:

EM-Jet Energy (GeV)
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F

>0.3 (x
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Graph

 = 500GeVs  @ Bp+p
 > 2.0 GeV/c

T
EMJetp

 < 4.0EMJetd2.8 < 

STAR Preliminary
sp Left 

Right 

Do we understand this?
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AN in Hadronic Collisions

q Early attempt:

A direct probe for parton’s transverse motion, 

Spin-orbital correlation, QCD quantum interference

q What do we need?

q Vanish without parton’s transverse motion:

AN / i~sp · (~ph ⇥ ~pT ) ) i✏µ⌫↵�phµs⌫p↵p
0
h�

Need a phase, a spin flip, enough vectors

�AB(pT ,~s) / + +...

2 Kane, Pumplin, Repko, PRL, 1978

Cross section:

Asymmetry: = / ↵s
mq

pT
�AB(pT ,~s)� �AB(pT ,�~s)

Too small to explain available data!
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Current Understanding of AN

q Symmetry plays important role:

Inclusive DIS
Single scale 

Q

Parity

Time-reversal
AN = 0

q One scale observables – Q >> ΛQCD:

SIDIS:  Q ~ PT DY:  Q ~ PT; Jet, Particle:  PT

Collinear factorization

Twist-3 distributions

q Two scales observables – Q1 >> Q2 ~ ΛQCD:

SIDIS:  Q>>PT
DY:  Q>>PT  or Q<<PT

TMD factorization

TMD distributions
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How Collinear Factorization Generates AN?

q Collinear factorization beyond leading power:

�(Q,~s) / + + + · · ·

2

p,~s k

 t ⇠ 1/Q
– Expansion  

Too large to compete! Three-parton correlation

Efremov, Teryaev, 82; 
Qiu, Sterman, 91, etc.

q Single transverse spin asymmetry:

��(sT ) / T (3)(x, x)⌦ �̂T ⌦D(z) + �q(x)⌦ �̂D ⌦D(3)(z, z) + ...

T (3)(x, x) /

Qiu, Sterman, 1991, …

D(3)(z, z) /

Kang, Yuan, Zhou, 2010

Integrated information on parton’s transverse motion!

Needed Phase: Integration of  “dx”  using unpinched poles
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Twist-3 Distributions Relevant to AN

q Twist-2 distributions: 
§ Unpolarized PDFs:

§ Polarized PDFs:

q Two-sets Twist-3 correlation functions: No probability interpretation!    

Role of color magnetic force!

Kang, Qiu, 2009

q Twist-3 fragmentation functions: 
See Kang, Yuan, Zhou, 2010, Kang 2010
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“Interpretation” of twist-3 correlation functions
Qiu, Sterman, 1991, …

Interference between a single active parton state and 
an active two-parton composite state

q Measurement of direct QCD quantum interference:

q “Expectation value” of QCD operators:

T (3)(x, x, S?) /

hP, s| (0)�+ (y�)|P, si

hP, s| (0)�+  (y�)|P, si

i g↵�? sT↵

Z
dy�2 F

+
� (y�2 )

�
hP, s| (0)�+  (y�)|P, si


✏↵�? sT↵

Z
dy�2 F

+
� (y�2 )

�

hP, s| (0)�+�5 (y�)|P, si

How to interpret the “expectation value” of the operators in RED?
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A simple example
q The operator in Red – a classical Abelian case: 

q Change of transverse momentum: 

q In the c.m. frame: 

q The total change: 

Net quark transverse momentum imbalance caused by 
color Lorentz force inside a transversely polarized proton

Qiu, Sterman, 1998
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Test QCD at Twist-3 Level
q Scaling violation – “DGLAP” evolution: Kang, Qiu, 2009

µ2
F

@

@µ2
F

eTq,F

eT�q,F

eT (f)
G,F

eT (d)
G,F

eT (d)
�G,F

eT (f)
�G,F

=

eTq,F

eT�q,F

eT (f)
G,F

eT (d)
G,F

eT (d)
�G,F

eT (f)
�G,F

⌦

Kqq Kq�q K(d)
qGK(f)

qG K(f)
q�G K(d)

q�G

K(d)
�q�GK(f)

�q�GK(f)
�qG K(d)

�qGK�q�qK�qq

K(f)
Gq K(f)

G�q
K(ff)

GG K(fd)
GG K(ff)

G�G K(fd)
G�G

K(dd)
G�GK(df)

G�G
K(dd)

GGK(df)
GG

K(d)
G�qK(d)

Gq

K(f)
�Gq K(f)

�G�qK
(ff)
�GG K(fd)

�GG K(ff)
�G�GK(fd)

�G�G

K(dd)
�G�GK(df)

�G�GK(dd)
�GGK(df)

�GGK(d)
�G�qK(d)

�Gq

(x, x+ x2, µ, sT ) (⇠, ⇠ + ⇠2;x, x+ x2,↵s)
Z

d⇠

Z
d⇠2

q Evolution equation – consequence of factorization: 

Factorization:

DGLAP for f2:

Evolution for f3:
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Evolution Kernels – an Example
Kang, Qiu, 2009q Quark to quark: 

q Feynman diagram calculation: 
Z

d⇠

Z
d⇠2 Tq,F (⇠, ⇠ + ⇠2)

+ Virtual loop diagrams

Z
d⇠

Z
d⇠2 Tq,F (⇠, ⇠ + ⇠2)

�
Z µ2

F dk2T
k2T


CA

2

�
↵s

2⇡
Tq,F (x, x)

Z
d⇠

Z
d⇠2 Tq,F (⇠, ⇠ + ⇠2)

�
Z µ2

F dk2T
k2T


CA

2

�
↵s

2⇡
Tq,F (x, x)
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How TMD Factorization Generates AN?
q SIDIS – “one-photon approximation”:

§ 18 Structure functions
§ AN = at least one of 6 FUT structure functions needs to be finite!

Trento
Convention
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How TMD Factorization Generates AN?
q TMD factorization for SIDIS:

In the photon-hadron frame, 8 of 18 structure functions can be factorized 
in terms of convolution of TMDs at leading power

§ Unpolarized:

§ Transverse Single-Spin Asymmetry – Sivers: 

§ Transverse Single-Spin Asymmetry – Collins: 

<latexit sha1_base64="P/UAruHpWIf+5mKBpkl/rZtb4ac=">AAACOnicdVDLSsNAFJ34rPEVdelmsAiuSlKKuhEKbly2YB/QlDCZTJqhkwczE6Gk+S43foU7F25cKOLWD3DSZmFbPTDM4Zx7ufceN2FUSNN80dbWNza3tis7+u7e/sGhcXTcFXHKMengmMW87yJBGI1IR1LJSD/hBIUuIz13fFv4vQfCBY2jezlJyDBEo4j6FCOpJMdo2wGSme3GzBOTUH0wyG902+cIZwtyK3eywE4IT/Jcz6b/edPcMapmzZwBrhKrJFVQouUYz7YX4zQkkcQMCTGwzEQOM8QlxYzkup0KkiA8RiMyUDRCIRHDbHZ6Ds+V4kE/5upFEs7U3x0ZCkWxpaoMkQzEsleIf3mDVPrXw4xGSSpJhOeD/JRBGcMiR+hRTrBkE0UQ5lTtCnGAVGxSpa2rEKzlk1dJt16zLmuNdqParJdxVMApOAMXwAJXoAnuQAt0AAaP4BW8gw/tSXvTPrWveemaVvacgAVo3z+F2LBF</latexit>

ĥ =
P h?
|P h?|

With:
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Orbital Angular Momentum
OAM:  Correlation between parton’s position and its motion 
             – in an averaged (or probability) sense

q Jaffe-Manohar’s quark OAM density:

L3
q =  †

q

h
~x⇥ (�i~@)

i3
 q

q Ji’s quark OAM density:
L3
q =  †

q

h
~x⇥ (�i ~D)

i3
 q

q Difference between them:
²  generated by a “torque” of color Lorentz force

L3
q � L3

q /
Z

dy�d2yT
(2⇡)3

hP 0| q(0)
�+

2

Z 1

y�
dz��(0, z�)

⇥
X

i,j=1,2

⇥
✏3ijyiTF

+j(z�)
⇤
�(z�, y) (y)|P iy+=0

“Chromodynamic torque” 

Similar color Lorentz force generates the single transverse-spin asymmetry 
(Qiu-Sterman function), and is also responsible for the twist-3 part of g2 

Hatta, Yoshida, Burkardt, 
Meissner, Metz, Schlegel, 
… 
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Nucleon Spin and OAM From Lattice QCD See lectures by Huey-Wen Lin

q QCD Collaboration:

Connected
Interaction (CI)

Disconnected
Interaction (DI)

Deka et al. Phys.Rev.D91 (2015) 014505 
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Partonic Motion Seen by a Hard Probe – GTMD
q Fully unintegrated distribution: Meissner, Metz, Schiegel, 2009

– in general, not factorizable from the rest of the scattering
q Generalized TMDs – hard probe:

– Could be factorized assuming on-shell parton for the hard probe

W(x, kT ,�)� =

Z
dk2 W (P, k,�)�

q Wigner function:

W (x, kT , b) /
Z

d3� ei
~b·~� W(x, kT ,�)�=�+

Belitsky, Ji, Yuan

q Connection to all other known distributions:

W (x, kT , b)) Tomographic image of nucleon

q(x, b?) =

Z
d2kT db

� W (x, kT , b)�+

Burkardt, 2002W(x, kT ,�)� TMDs                ,(� = 0) GPDs                 ,(

Z
d2kT ) PDFs (� = 0,

Z
d2kT ))
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BACKUP SLIDES 
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Lattice QCD Calculation of Hadron Structure
q Hadron structure measured with a hard probe:

PDFs are boost invariant with twist-2 operators

Probing operators living on the “light-Cone”,

Such matrix elements are non-perturbative, and Cannot be calculated 
by lattice QCD directly, because of its Euclidean space formulation 

<latexit sha1_base64="Mq01xZuRmWMzF/S2PyMu8wE1s0c="></latexit>

q(x) / F.T.hP | q(�y�)�� q(y
�)|P i|y+=0,y?=0?

t

z

y+y-

q Quasi-PDFs approach:

<latexit sha1_base64="LaT75vTIqZLh+SepM96jcKsN9YU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqHgqePFYwX5AE8pmu2mXbnbD7kSIoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M787iPThiv5AFnCgpiMJI84JWAlvzV48kH5XEaQDao1t+7OgVeJV5AaKtAaVL/8oaJpzCRQQYzpe24CQU40cCrYtOKnhiWETsiI9S2VJGYmyOc3T/GZVYY4UtqWBDxXf0/kJDYmi0PbGRMYm2VvJv7n9VOIroOcyyQFJuliUZQKDArPAsBDrhkFkVlCqOb2VkzHRBMKNqaKDcFbfnmVdC7q3mW9cd+oNW+KOMroBJ2ic+ShK9REd6iF2oiiBD2jV/TmpM6L8+58LFpLTjFzjP7A+fwBWmiR4Q==</latexit>

Pz ! 1
Quasi-PDFs are NOT boost invariant, not by twist-2 operators
In Lattice QCD calculation, difficult to take 

<latexit sha1_base64="aI3Fvjo2UL8xnLqz1tGOsdgUl9Y=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNSVFwV3LisYB/QGUomzbShmcyY3JHWoR/gxl9x40IRt36AO//GtJ2Ftp4QOJxzLsk9fiy4Btv+tpaWV1bX1nMb+c2t7Z3dwt5+Q0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/uJr4zXumNI/kLYxi5oWkJ3nAKQEjdQpFFyJ8VxqeuNgcYENIiR67uNZ5MI7LZQAjk7LL9hR4kTgZKaIMtU7hy+1GNAmZBCqI1m3HjsFLiQJOBRvn3USzmNAB6bG2oZKETHvpdJkxPjZKFweRMlcCnqq/J1ISaj0KfZMMCfT1vDcR//PaCQQXXsplnACTdPZQkAhsCpg0g7tcMQpiZAihipu/YtonilAw/eVNCc78youkcVp2zsqVm0qxepnVkUOH6AiVkIPOURVdoxqqI4oe0TN6RW/Wk/VivVsfs+iSlc0coD+wPn8A9Uia8g==</latexit>

! q(x) as Pz ! 1 Calculable in LQCD

<latexit sha1_base64="lKl0WAl71AGp3OtXB013FsXobWQ="></latexit>

q̃(x̃, Pz) / F.T.hP | q(�z)�� q(z)|P i|y0=0,y?=0?

Matching - Formulated in LaMET:
<latexit sha1_base64="0TV2NLehhCy5zJMktJd/e2OJn8g="></latexit>

q̃(x̃, Pz) =

Z 1

x

dx

x
Z

✓
x̃

x
,
µ

Pz

◆
q(x, µ2) +O

 
⇤2
QCD

x̃2(1� x̃)P 2
z

,
M2

P 2
z

!

Extracting PDFs requires solving the inverse problem 

t y+y-

Approach to light-cone
under a boost

<latexit sha1_base64="LaT75vTIqZLh+SepM96jcKsN9YU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mkqHgqePFYwX5AE8pmu2mXbnbD7kSIoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3M787iPThiv5AFnCgpiMJI84JWAlvzV48kH5XEaQDao1t+7OgVeJV5AaKtAaVL/8oaJpzCRQQYzpe24CQU40cCrYtOKnhiWETsiI9S2VJGYmyOc3T/GZVYY4UtqWBDxXf0/kJDYmi0PbGRMYm2VvJv7n9VOIroOcyyQFJuliUZQKDArPAsBDrhkFkVlCqOb2VkzHRBMKNqaKDcFbfnmVdC7q3mW9cd+oNW+KOMroBJ2ic+ShK9REd6iF2oiiBD2jV/TmpM6L8+58LFpLTjFzjP7A+fwBWmiR4Q==</latexit>

Pz ! 1

Ji, arXiv:1305.1539
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Lattice QCD Calculation of Hadron Structure
q Space-like parton correlation functions (PCFs):

<latexit sha1_base64="KwohVx92DeD1rKxdfMvXUzCiYhM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqHgKeNBjBPOAZAmzk9lkzDyWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN1O/9US1YUo+2HFCQ4EHksWMYOukZvcWC4F75Ypf9WdAyyTISQVy1Hvlr25fkVRQaQnHxnQCP7FhhrVlhNNJqZsammAywgPacVRiQU2Yza6doBOn9FGstCtp0Uz9PZFhYcxYRK5TYDs0i95U/M/rpDa+CjMmk9RSSeaL4pQjq9D0ddRnmhLLx45gopm7FZEh1phYF1DJhRAsvrxMmmfV4KJ6fn9eqV3ncRThCI7hFAK4hBrcQR0aQOARnuEV3jzlvXjv3se8teDlM4fwB97nD1ZxjvY=</latexit>

� Unlike measured cross section, 
§ They are not physically measured observable
§ Their value depend on UV renormalization
§ They have UV power divergence 
§ They are multiplicatively renormalizable 

<latexit sha1_base64="x/8ce5dsOfFVkIlbd2dWsDcTUX4="></latexit>

hP |F↵�(�z)�Fµ⌫(z)|P i|y0=0,y?=0?

<latexit sha1_base64="+zhiYYVyc7FNwsxOKb9lYVfA6tM="></latexit>

hP | q(�z)�� q(z)|P i|y0=0,y?=0?

q Renormalization of space-like PCFs:
UV divergence is a property of the operator, not the state  

Renormalization scheme  =  different choice of the state
<latexit sha1_base64="Xvjv3KC5POLH592h1OoMkR53E2M=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEVFwV3Lisjz6gCWUynbZDJ5MwM1FK2k9x40IRt36JO//GSZuFth64cDjnXu69J4g5U9pxvq3Cyura+kZxs7S1vbO7Z5f3mypKJKENEvFItgOsKGeCNjTTnLZjSXEYcNoKRteZ33qkUrFIPOhxTP0QDwTrM4K1kbp2eZJ6MkR391NPYjHgtNS1K07VmQEtEzcnFchR79pfXi8iSUiFJhwr1XGdWPsplpoRTqclL1E0xmSEB7RjqMAhVX46O32Kjo3SQ/1ImhIazdTfEykOlRqHgekMsR6qRS8T//M6ie5f+ikTcaKpIPNF/YQjHaEsB9RjkhLNx4ZgIpm5FZEhlphok1YWgrv48jJpnlbd8+rZ7VmldpXHUYRDOIITcOECanADdWgAgSd4hld4sybWi/VufcxbC1Y+cwB/YH3+AMQLk6k=</latexit>

|RSi
RI-MOM for quasi-PDFs:

<latexit sha1_base64="nRZcqhSlGHNgRybxj7v2PZD4tO4="></latexit>

hP |O(z)|P iRen ⌘
hP |O(z)|P i

hRS|O(z)|RSi

Pseudo-PDFs:

Vacuum-state:

<latexit sha1_base64="VZZwK1/Dpp+Tbsr0zXgJJ1gmhxw=">AAACHXicbVDLSgMxFM34tr6qLt0Ei+DGMiNFRRAUNy59VYVOKZn0ThuaSYbkjljG/ogbf8WNC0VcuBH/xrR24etA4HDOfeSeKJXCou9/eCOjY+MTk1PThZnZufmF4uLShdWZ4VDlWmpzFTELUiiookAJV6kBlkQSLqPOYd+/vAZjhVbn2E2hnrCWErHgDJ3UKFZu89Ak9PSsFxqmWhIKezREuMH8QFEdxxu2DVLSlBnUilpkCL1Co1jyy/4A9C8JhqREhjhuFN/CpuZZAgq5ZNbWAj/Feu6GCi7dwDCzkDLeYS2oOapYAraeD67r0TWnNGmsjXsK6UD93pGzxNpuErnKhGHb/vb64n9eLcN4p54LlWYIin8tijNJUdN+VLQpDHCUXUcYN8L9lfI2M4yjC7QfQvD75L/kYrMcbJUrJ5XS/u4wjimyQlbJOgnINtknR+SYVAknd+SBPJFn79579F6816/SEW/Ys0x+wHv/BOqdocs=</latexit>

|RSi = An o↵-shell parton state
<latexit sha1_base64="SHWIz7Fjys+SNcTchRZKMZW62sk=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRIpKkKh4MZlffQBTQiT6aQdOjMJMxOhpl278VfcuFDErV/gzr8xaSto64ELZ865l7n3+BGjSlvWl5FbWFxaXsmvFtbWNza3zO2dhgpjiUkdhyyULR8pwqggdU01I61IEsR9Rpp+/yLzm3dEKhqKWz2IiMtRV9CAYqRTyTP3h4kjOby+GTkSiS4jhQoc1rz7ivXz9syiVbLGgPPEnpIimKLmmZ9OJ8QxJ0JjhpRq21ak3QRJTTEjo4ITKxIh3Edd0k6pQJwoNxmfMoKHqdKBQSjTEhqO1d8TCeJKDbifdnKke2rWy8T/vHasgzM3oSKKNRF48lEQM6hDmOUCO1QSrNkgJQhLmu4KcQ9JhHWaXhaCPXvyPGkcl+yTUvmqXKyeT+PIgz1wAI6ADU5BFVyCGqgDDB7AE3gBr8aj8Wy8Ge+T1pwxndkFf2B8fAOuVJmX</latexit>

|RSi = |Pz = 0i
<latexit sha1_base64="0iuzq4xabwtCxkVtcX4siRZMmXs=">AAACC3icbVDLSgNBEJyNrxhfUY9ehgTBU9gVURGEgBdvxkcekF3C7KSTDJmZXWZmhbDJ3Yu/4sWDIl79AW/+jbtJBE0saCiquunu8kPOtLHtLyuzsLi0vJJdza2tb2xu5bd3ajqIFIUqDXigGj7RwJmEqmGGQyNUQITPoe73L1K/fg9Ks0DemUEIniBdyTqMEpNIrXxhGLtK4JvbkauI7HLIneOheyWgS36EVr5ol+wx8DxxpqSIpqi08p9uO6CRAGkoJ1o3HTs0XkyUYZTDKOdGGkJC+6QLzYRKIkB78fiXEd5PlDbuBCopafBY/T0RE6H1QPhJpyCmp2e9VPzPa0amc+rFTIaRAUknizoRxybAaTC4zRRQwwcJIVSx5FZMe0QRapL40hCc2ZfnSe2w5ByXjq6PiuWzaRxZtIcK6AA56ASV0SWqoCqi6AE9oRf0aj1az9ab9T5pzVjTmV30B9bHN+t4mlA=</latexit>

|RSi = |⌦i

arXiv:1705.11193
arXiv:1709.04933

arXiv:1706.05373

arXiv:1810.00048
arXiv:2006.12370
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Lattice QCD Calculation of Hadron Structure
q Short-distance factorization approach: Ma and Qiu, arXiv:1404.6860

                        arXiv:1709.03018
§ Single hadron matrix element:

Oq(⇠) = Z�1
q (⇠2) q(⇠) � · ⇠�(⇠, 0) q(0)§ Two-parton correlator:

§ Two-current correlator: Oj1j2(⇠) ⌘ ⇠dj1+dj2�2 Z�1
j1

Z�1
j2

j1(⇠) j2(0)

with Ioffe time: ! ⌘ P · ⇠, ⇠2 6= 0, and ⇠0 = 0;

�(⇠, 0) = Pe�ig
R 1
0 ⇠·A(�⇠) d�Same operator for quasi-PDFs

Corrections
Approximation

+⌦

�+

2p+
�(x� k+/p+)

Hard-part
Probe

Parton-distribution
Structure

O(⇠2⇤2
QCD)

Gauge link vs propagator

Extracting PDFs requires solving the inverse problem 


