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Physical Observables

Hadronic scale ~ 1/fm ~ 200 MeV is NOT 
a perturbative scale

Cross secTons with idenTfied hadron(s) 
are 

non-perturbaTve!

q Purely infrared safe quanTTes

q Observables with idenTfied hadron(s), but, 
factorizable in QCD

Look for two-types physical observables:
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An Instructive Exercise for Factorization

q Consider a cross secTon:

q Leading order quantum correction:

q Leading power contribuTon in  O(m2/Q2):
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q Leading power contribuTon to the cross secTon:
<latexit sha1_base64="16Ay/5sBEu0UuXbJMjLry1bMsns="></latexit>

�(Q2,m2) =


1 + ↵s

Z

k2⌧Q2

dk2
1

k2 +m2

� 
1 + ↵s

Z

k2⇠Q2

dk2
1

k2
Q2

Q2 + k2

�

<latexit sha1_base64="0V9Pn2mIWJaTYSRNLvmlPd0uqjg="></latexit>

+O(↵2
s) +O

✓
m2

Q2

◆

<latexit sha1_base64="do0z/WgU4j1oa4ts3ZmJp28Bbuk="></latexit>

⌘ �⌦ �̂ +O(↵2
s) +O

✓
m2

Q2

◆

Short-distance hard partLong-distance distribution



3

Observables with ONE identified hadron

q CreaTon of an idenTfied hadron:

Not necessary to be dominated by one 
parton, which is always virtual!

Non-perturba@ve!

– in a “cut-diagram” nota1onq “Square” of the diagram with
       a “unobserved gluon”:

“Cut-line” – final-state
/

Z
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) 1

Amplitude Complex conjugate
of the Amplitude Pinch singularity & pinch surface

Two parts connected by a “classical” parton
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Observables with ONE iden=fied hadron

q CreaTon of an idenTfied hadron:

Not necessary to be dominated by one 
parton, which is always virtual!

Non-perturbative!

– in a “cut-diagram” notationq On-shell approximation:
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On-shell

Hard collision to produce an on-shell parton 
      – Perturba@vely calculable! 

FF:  Probability for the parton to become the observed hadron 
       – Non-perturba@ve, universal!
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Observables with ONE identified hadron

q Creation of an identified hadron:

Not necessary to be dominated by one 
parton, which is always virtual!

Non-perturba@ve!

– in a “cut-diagram” notationq IdenTfied iniTal hadron:

Perturba@ve!

Non-perturba@ve!

Pinch in k2

q Identified initial + created hadron(s):
Pinch in both k2 and k’2

Quantum interference between dynamics at the HARD and 
hadronic scales is suppressed by power of  (1/R)/Q !

But, the interaction between hadrons is not necessarily suppressed!
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Inclusive Lepton-Hadron DIS (at EIC) – One Iden=fied Hadron

�DIS
`p!`0X(everything)

Iden;fied ini;al-state hadron 
– proton or nucleus!

bT

kT
xp

1/Q

1

Q
⌧ 1 fm

§ Localized probe: 
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§ Two variables (hadron rest frame):
Q2 = 4EE0 sin2(✓/2)

xB =
Q2

2mN⌫
⌫ = E � E0

q  DIS cross section is infrared divergent, and nonperturbative!

�DIS
`p!`0X(everything) / …+ + +

q  QCD factorization (approximation!)
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Inclusive Lepton-Hadron DIS (at EIC) – One Identified Hadron
q Sca`ering amplitude:
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DIS Structure Func=ons

q Hadronic tensor:
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q Structure functions – infrared sensitive:
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No QCD parton dynamics 
used in above deriva1on!
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Long-Lived Parton States

q Feynman diagram representaTon of the hadronic tensor:

W µn µ …

q PerturbaTve pinched poles:

4
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q Perturbative factorization: Light-cone coordinate:
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Short-distance Nonperturba;ve matrix element
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Collinear Factorization – Further Approximation

q Collinear approximaTon, if Q ∼ xp ⋅n ≫  kT , k 2 – Lowest order:
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– Collinear Approx.

– Spin decomposition

to generate UV – Need UVCT(µ)
to define parton distribution!

<latexit sha1_base64="GWIyoxJb8dk7Z7QHsscVPgwbNgM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+lgW3LisYB/SjiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwzn3knNPkHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqCG2RmMeqG2BNOZO0ZZjhtJsoikXAaScY38z8zhNVmsXy3kwS6gs8lCxiBBsrPfSZNCh8rI8H5YpbdedAq8TLSQVyNAflr34Yk1RQaQjHWvc8NzF+hpVhhNNpqZ9qmmAyxkPas1RiQbWfzQNP0ZlVQhTFyj4bYK7+3siw0HoiAjspsBnpZW8m/uf1UhNd+xmTSWqoJIuPopQjE6PZ9ShkihLDJ5ZgopjNisgIK0yM7ahkS/CWT14l7VrVu6xe3NUrjVpeRxFO4BTOwYMraMAtNKEFBAQ8wyu8Ocp5cd6dj8Vowcl3juEPnM8fLE6P9g==</latexit>Z
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But, factoriza@on allows  
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Parton Distribu=on Func=ons (PDFs)

q PDFs as matrix elements of two parton fields – twist 2 operators: 
– combine the amplitude & its complex-conjugate

But, it is NOT gauge invariant! or a nucleus, or a parton state!
Twist = Dim. of the operator – its spin

The state               can be a hadron, 

– need a gauge link:

ZO(µ
2)

– corresponding diagram in momentum space:

μ-dependence
of the distribu;on

Universality – process independence – predictive power

Z
d4k

(2⇡)4
�(x� k+/p+) +UVCT(µ2)

<latexit sha1_base64="PBRC9r9K94F+xELM9NtVtCEGoKs=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIsgCGWm+FoW3LisYB/QGcudNNOGJpkhyQhlKPgrblwo4tbvcOffmD4W2nrgXg7n3EtuTpRypo3nfTtLyyura+uFjeLm1vbOrru339BJpgitk4QnqhWBppxJWjfMcNpKFQURcdqMBjdjv/lIlWaJvDfDlIYCepLFjICxUsc9DGIFJA96IAQ8nI3ySmp7xy15ZW8CvEj8GSmhGWod9yvoJiQTVBrCQeu276UmzEEZRjgdFYNM0xTIAHq0bakEQXWYT84f4ROrdHGcKFvS4In6eyMHofVQRHZSgOnreW8s/ue1MxNfhzmTaWaoJNOH4oxjk+BxFrjLFCWGDy0Bopi9FZM+2DyMTaxoQ/Dnv7xIGpWyf1m+uDsvVSuzOAroCB2jU+SjK1RFt6iG6oigHD2jV/TmPDkvzrvzMR1dcmY7B+gPnM8f9geVcg==</latexit>
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Gauge Link – 1st order in coupling “g”

q Longitudinal gluon:

q Leb diagram:

q Right diagram:
Z
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i((x� x1 � xB)� · p+ (Q2/2xBp+)� · n)
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q Total contribuTon:
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O(g)-term of 
the gauge link!



13

QCD High Order Corrections

q NLO partonic diagram to structure functions: 
2 2

1
2

10

 
Q dk
k

-

µ ò Dominated by
k1
2  0

tAB →∞

Diagram has both long- and short-distance physics

q FactorizaTon, separaTon of short- from long-distance: 

Same idea as the 
Instruc@ve Exercise 

for Factoriza@on
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QCD Leading Power Factorization

q QCD correcTons: pinch singulariTes in 4
id kò

+ + + …

q Logarithmic contribuTons into parton distribuTons:

Ä + +…+UVCT
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F ) +O

 
⇤2
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Q2

!

q Factorization scale: 2
Fµ

To separate the collinear from non-collinear contribution

Recall: renormaliza;on scale to separate local from non-local contribu;on
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Physical Picture of Factoriza=on for DIS

q Time evolution:

Now “Future”“Past”Time:

Long-lived parton state

q Unitarity – summing over all hard jets:

DIS
tot Ims µ

t ∼ R Not IR safe

t ∼ 1
Q

InteracTon between the “past” and “now” are suppressed!
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How to Calculate the Perturbative Parts?

q Use DIS structure function F2 as an example:

( )
22
QCD2

2 2
,

2
/2( , ) , , ,B

h B q f s
q f

f h
x QF x Q C x O
x Q

a j µ
µ

æ öLæ ö
= Ä + ç ÷ç ÷ ç ÷è ø è ø
å

h q®² Apply the factorized formula to a parton state:

( )
2

2
2

,

2
/2( , ) , , ,B

q B q f s
q

f
f

q
x QF x Q C x
x

j µ
µ

a
æ ö

= Äç ÷
è ø

å
Feynman 
diagrams

Feynman 
diagrams

² Express both SFs and PDFs in terms of powers of  αs:
0th order: ( ) ( ) ( ) ( )02 2

/
0 02 2
2 ( , ) ( / , / ) ,q qq B q BF x Q C x x Q xµ j µ= Ä

( ) ( )0 0
2( ) ( )q qC x F x= ( ) ( ) ( )0

/ 1q q qqx xd dj = -

1th order: ( ) ( ) ( ) ( )
( ) ( ) ( )

1 12 02 22
2

0 2

/

12 2
/

( , ) ( / , / ) ,

                   ( / , / ) ,

q B q B

q B

q q

q q

F x Q C x x Q x

C x x Q x

µ j µ

µ j µ

= Ä

+ Ä
( ) ( ) ( ) ( ) ( )1 1 02 2 2 12 2

/2 2( , / ) ( , ) ( , ) ,q q qq qC x Q F x Q F x Q xµ j µ= - Ä
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PDFs of a Parton

q Change the state without changing the operator:

– given by Feynman diagrams

q Lowest order quark distribuTon:
² From the operator definition:

q Leading order in αs quark distribution:
² Expand to (gs)2 – logarithmic divergent:

UV and CO divergence Choice of regularization
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Partonic Cross Sec=ons

q Projection operators for SFs:

( ) ( )2 2
1 22 2 2

1, ,
q q p q p qW g F x Q p q p q F x Q
q p q q q
µ n

µn µn µ µ n n
æ ö æ öæ ö× ×

= - - + - -ç ÷ ç ÷ç ÷× è øè øè ø
2

2 2
1 2

2
2 2

2 2

1 4( , ) ( , )
2

12( , ) ( , )

xF x Q g p p W x Q
Q

xF x Q x g p p W x Q
Q

µn µ n
µn

µn µ n
µn

æ ö
= - +ç ÷

è ø
æ ö

= - +ç ÷
è ø

q 0th order:

( )

( ) ( ) ( )

0(0)
2 ,

2
2

2

1( )   
4

1Tr 2 ( )
4 2

(1 )

q q

q

q

F x xg W xg

e
xg p p q p q

e x x

µn µn
µn

µn
µ n

p

g g g g pd
p

d

= =

é ù= × × + +ê úë û
= -

( )0 2( ) (1 )q qC x e x xd= -
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NLO Coefficient Func=on – a Complete Example
( ) ( ) ( ) ( ) ( )1 1 02 2 2 12 2

/2 2( , / ) ( , ) ( , ) ,q q qq qC x Q F x Q F x Q xµ j µ= - Ä

q Projection operators in n-dimension: 4 2g g nµn
µn e= º -

( )
2

2 2
41 (3 2 ) xF x g p p W
Q

µn µ n
µne e

æ ö
- = - + -ç ÷

è ø

q Feynman diagrams:

( )1
,qWµn

+  UV CT

+ + +

+ + c.c. + + c.c.

Real

Virtual

q CalculaTon:
( ) ( )1 1

, ,and     q qg W p p Wµn µ n
µn µn-
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Contribu=on from the Trace of Wμν

q Lowest order in n-dimension:

q NLO virtual contribuTon:

q NLO real contribuTon:

( )0 2
, (1 ) (1 )q qg W e xµn

µn e d- = - -

( )1 2
,

2 2

2 2

(1 ) (1 )

4 (1 ) (1 ) 1 3 1                * 4
(1 2 ) 2

V
q q

s
F

g W e x

Q
C

µn
µn

e

e d

a p e e
p e e e

µ

- = - -

é ù G + G -æ ö é ù- + +ê úç ÷ ê úG - ë ûè ø ë û

( )
2

1 2
, 2

4 (1 )(1 )
2 (1 2 )

1 2 1 1 2                * 1
1 1 2 2(1 2 )(1 ) 1 2

R s
q q Fg W e

Q

xx
x

C

x

e

µn
µn

a p ee
p e

e e e
e e e e

µé ù G +æ ö- = - - ê úç ÷ G -è ø ë û
ì ü- é ù -æ öæ ö- - + + +í ýç ÷ç ÷ê ú- - - - -è øè øë ûî þ
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Contribution from the trace of Wμν

q The “+” distribution:

q One loop contribuTon to the trace of Wμν:

q Splihng funcTon:

( )
1

21 1 1 (1 )(1 )
1 (1 ) 1

n xx O
x x x

e

d e e
e

+

++

-æ ö æ ö= - - + + +ç ÷ ç ÷- - -è ø è ø


1 1( ) ( ) (1) (1 ) (1)
(1 ) 1z z

f x f x fdx dx n z f
x x+

-
º + -

- -ò ò 

( )
2

1 2
, 2

1(1 ) ( ) ( )
2 (4 )E
s

qq qqq q P Qg W e x x n
e

Pµn
µn g

ae
p e µ p -

æ öæ öì- = - - +í ç ÷ç ÷
îè ø è ø



( )
2

2 (1 ) 3 1 11 ( )
1 2 1 1F
n x xx n

x x
C x

x ++

é - +æ ö æ ö+ + - -ç ÷ ç ÷ê - - -è ø è øë




293 (1 )
2 3

x xp d
üùæ ö ï+ - - + - ýúç ÷

è ø ïûþ

21 3( ) (1 )
(1 ) 2qq F

xx x
x

P C d
+

é ù+
= + -ê ú-ë û
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One-Loop Contribution to Partonic F2 and Quark-PDF:

q One loop contribuTon to pμpν Wμν:

q One loop contribuTon to F2 of a quark:

q One loop contribution to quark PDF of a quark:

( )
2

2 2
41 (3 2 ) xF x g p p W
Q

µn µ n
µne e

æ ö
- = - + -ç ÷

è ø( )1
, 0V
qp p Wµ n

µn = ( )
2

1 2
, 2 4
R s
q q F

Qp p W e
x

Cµ n
µn

a
p

=

( ) ( )
2

1 2 2
2 2

CO

1( , ) ( ) 1 (4 ) ( )
2

E
qq q

s
q qq

QF x Q e x x n eP x nPge
e

a p
p µ

- æ öìæ ö= - + +í ç ÷ç ÷
è øî è ø

 

2 2
2 (1 ) 3 1 1 9(1 ) ( ) 3 2 (1 )

1 2 1 1 2 3F
n x xx n x x x

x x x
C p d

+ +

üé ùæ ö- + ïæ ö æ ö+ + - - + + - + - ýê úç ÷ç ÷ ç ÷- - -è ø è ø è ø ïë ûþ




       as  0eÞ ¥ ®

( )1
/

V CO

2

U

1 1( , ) ( ) UV-CT
2
s

q q qqPx xaµ
e

j
p e

ì üæ ö æ ö æ ö= + - +í ýç ÷ ç ÷ç ÷
è ø è øè ø î þ

Different UV-CT = different factorization scheme!
– in the dimensional regulariza;on
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NLO Coefficient Func=on for Inclusive DIS (at EIC):
q Common UV-CT terms:

² MS scheme:

² DIS scheme:   choose a UV-CT, such that

² MS scheme:

MS
UV

1UV-CT ( )
2 q
s

qP xa
p e

æ ö= - ç ÷
è ø

( )1 2 2
DIS( , / ) 0qC x Q µ =

( )MS
UV

1UV-CT ( ) 1 (4 )
2

Es
qq x nP e ga e p

ep
-æ ö= - +ç ÷

è ø


<latexit sha1_base64="gBicWMNgXpDIgjU126UYHLCQ/Dk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1rqqXzYtKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyuWM5Q==</latexit>g

q One loop coefficient function:

( ) ( ) ( ) ( ) ( )1 1 02 2 2 12 2
/2 2( , / ) ( , ) ( , ) ,q q qq qC x Q F x Q F x Q xµ j µ= - Ä

( )
2

1 2 2 2
2
MS

( , / ) ( )
2 qq q q
s P QC x Q e x x naµ
p µ

ì æ öï= ç ÷í ç ÷ï è øî


2 2
2 (1 ) 3 1 1 9(1 ) ( ) 3 2 (1 )

1 2 1 1 2 3F
n x xx n x x x

x x x
C p d

+ +

üé ùæ ö- + ïæ ö æ ö+ + - - + + - + - ýê úç ÷ç ÷ ç ÷- - -è ø è ø è ø ïë ûþ



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Renormaliza=on Group Improvement
q Physical cross secTons should not depend on the factorizaTon scale

2
2

2
2 ( , ) 0BF
F

d F x Q
d

µ
µ

=
<latexit sha1_base64="crG6auCZ52MxGKKyu/f9bYsoOSA="></latexit>

F2(xB , Q
2) =

X

f

Cf (xB/x,Q
2/µ2

F ,↵s)⌦ �f (x, µ
2
F )

µF
2 d
dµF

2
C f

xB
x
,Q

2

µF
2
,αs

!

"
##

$

%
&&

'

(
)
)

*

+
,
,f

∑ ⊗ϕ f x,µF
2( )+ C f

xB
x
,Q

2

µF
2
,αs

!

"
##

$

%
&&

f
∑ ⊗µF

2 d
dµF

2
ϕ f x,µF

2( ) = 0

Evolution (differential-integral) equation for PDFs

q PDFs and coefficient funcTons share the same logarithms

PDFs:

Coefficient func;ons:

( ) ( )2 2 2 2
0 QCDlog   or  logF Fµ µ µ L

( ) ( )2 2 2 2log   or  logFQ Qµ µ

DGLAP evolution equation:

2
/

2 2
2 ( , ) ( ', ),

'i i j jF F s F
F j

xP
x

x xµ j µ a j µ
µ

æ ö
ç= ÷
è ø

¶
Ä

¶ å
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From One Hadron to Two Hadrons

q One hadron:
e p

σ tot
DIS ∼ Ä

1 O
QR
æ ö

+ ç ÷
è ø

Hard-part
Probe

Parton-distribution
Structure

Power corrections
Approximation

q 

q Two hadrons:

σ tot
DY ∼ Ä 1 O

QR
æ ö

+ ç ÷
è ø

s

Predictive power:  Universal Parton Distributions
                                   Calculable coefficient functions



26

Drell-Yan Process – Two Iden=fied Hadrons

q Drell-Yan mechanism:
q2 ⌘ Q2 � ⇤2

QCD ⇠ 1/fm2with
Lepton pair – from decay of a virtual photon, or in general, 
a massive boson, e.g., W, Z, H0, … (called Drell-Yan like processes)

q Original Drell-Yan formula:
2 2

2

2
⌦

No color yet! Rapidity:

Right shape – But – not normalizaTon

S.D. Drell and T.-M. Yan
Phys. Rev. Lett. 25, 316 (1970)

Before QCD
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Drell-Yan Process in QCD – Factoriza=on

q Beyond the lowest order: Collins, Soper and Sterman, Review
in QCD, edited by AH Mueller 1989

² So_-gluon interac;on takes place all the ;me
² Long-range gluon interac;on before the hard collision

Break the Universality of PDFs
Loss the predic;ve power

q Factorization – power suppression of soft gluon interaction:
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Drell-Yan Process in QCD – Factorization

q FactorizaTon – approximaTon:
² Require the suppression of quantum interference between short-distance (1/Q) and 

long-distance (fm ~ 1/ΛQCD) physics

Need “long-lived” active parton states linking the two hadrons 

² Maintain the universality of PDFs:

Long-range so_ gluon interac;on has to 
be power suppressed

² Infrared safe of partonic parts:

Cancela;on of IR behavior
Absorb all CO divergences into PDFs

Perturbatively pinched at p2a = 0

Ac;ve parton is effec;vely on-shell for the hard collision
<latexit sha1_base64="1vWIvb7AXV0G1Qy29hmmrpZ/fYc="></latexit>

pµa = (p+a , p
�
a , pa?) ⇠ Q(1,�2,�)

<latexit sha1_base64="8AHEO4sxF9hn/nvKxWd6CQQeNRw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFc1aT4WhbcuBFasA9oQplMJu3QySTMTAol9E/cuFDErX/izr9x2mahrQcGDuecy71zgpQzpR3n21pb39jc2i7tlHf39g8O7aPjtkoySWiLJDyR3QArypmgLc00p91UUhwHnHaC0f3M74ypVCwRT3qSUj/GA8EiRrA2Ut+2PW7CIUaeYjF6vGz27YpTdeZAq8QtSAUKNPr2lxcmJIup0IRjpXquk2o/x1Izwum07GWKppiM8ID2DBU4psrP55dP0blRQhQl0jyh0Vz9PZHjWKlJHJhkjPVQLXsz8T+vl+nozs+ZSDNNBVksijKOdIJmNaCQSUo0nxiCiWTmVkSGWGKiTVllU4K7/OVV0q5V3ZvqdfOqUq8VdZTgFM7gAly4hTo8QANaQGAMz/AKb1ZuvVjv1sciumYVMyfwB9bnDzmokrQ=</latexit>

� ⇠ M/Qwith 
<latexit sha1_base64="VxkThOoscNkXzuEuKFDAsaDhlfg=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBFdlpnhbFty4EVqwF2inQybNtKFJZkgyQhm78FXcuFDEra/hzrcx085CW38IfPznHM7JH8SMKu0431ZhZXVtfaO4Wdra3tnds/cPWipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkH45us3n4gUtFI3OtJTDyOhoKGFCNtLN8+in3Ur8KeohzeZcAYbPSrvl12Ks5McBncHMogV923v3qDCCecCI0ZUqrrOrH2UiQ1xYxMS71EkRjhMRqSrkGBOFFeOrt/Ck+NM4BhJM0TGs7c3xMp4kpNeGA6OdIjtVjLzP9q3USH115KRZxoIvB8UZgwqCOYhQEHVBKs2cQAwpKaWyEeIYmwNpGVTAju4peXoVWtuJeVi8Z5uVbN4yiCY3ACzoALrkAN3II6aAIMHsEzeAVv1pP1Yr1bH/PWgpXPHII/sj5/AFmtlFg=</latexit>

p2a ⇠ M2 ⌧ Q2
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Drell-Yan Process in QCD – Factoriza=on

q Leading singular integraTon regions (pinch surface):

Hard:  all lines off-shell by Q 

Collinear:  
² lines collinear to A and B
² One “physical parton” per hadron

Soft:  all components are soft

q Collinear gluons:

² Collinear gluons have the 

     polarization vector:
² The sum of the effect can be 
     represented by the eikonal lines, 

which are needed to make the PDFs gauge invariant!
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Drell-Yan Process in QCD – Factoriza=on
q Trouble with soft gluons:

² So_ gluon exchanged between a spectator quark of hadron B and the ac;ve quark of hadron A 

could rotate the quark’s color and keep it from annihila;ng with the an;quark of hadron B

² The soft gluon approximations (with the eikonal lines) need           not too small. 

      But,         could be trapped in “too small” region due to the pinch from spectator interaction:

<latexit sha1_base64="uhTAi5QzneEjUURJHpF0FrDF00w=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8ld0i6rHgxWMFty20a8mm2TY0yS5JVihLf4MXD4p49Qd589+YtnvQ1gcDj/dmmJkXpYIb63nfaG19Y3Nru7RT3t3bPzisHB23TJJpygKaiER3ImKY4IoFllvBOqlmREaCtaPx7cxvPzFteKIe7CRloSRDxWNOiXVSMH7spbJfqXo1bw68SvyCVKFAs1/56g0SmkmmLBXEmK7vpTbMibacCjYt9zLDUkLHZMi6jioimQnz+bFTfO6UAY4T7UpZPFd/T+REGjORkeuUxI7MsjcT//O6mY1vwpyrNLNM0cWiOBPYJnj2OR5wzagVE0cI1dzdiumIaEKty6fsQvCXX14lrXrNv6rV7y+rjXoRRwlO4QwuwIdraMAdNCEAChye4RXekEIv6B19LFrXUDFzAn+APn8A0JKOpQ==</latexit>

k±
<latexit sha1_base64="uhTAi5QzneEjUURJHpF0FrDF00w=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8ld0i6rHgxWMFty20a8mm2TY0yS5JVihLf4MXD4p49Qd589+YtnvQ1gcDj/dmmJkXpYIb63nfaG19Y3Nru7RT3t3bPzisHB23TJJpygKaiER3ImKY4IoFllvBOqlmREaCtaPx7cxvPzFteKIe7CRloSRDxWNOiXVSMH7spbJfqXo1bw68SvyCVKFAs1/56g0SmkmmLBXEmK7vpTbMibacCjYt9zLDUkLHZMi6jioimQnz+bFTfO6UAY4T7UpZPFd/T+REGjORkeuUxI7MsjcT//O6mY1vwpyrNLNM0cWiOBPYJnj2OR5wzagVE0cI1dzdiumIaEKty6fsQvCXX14lrXrNv6rV7y+rjXoRRwlO4QwuwIdraMAdNCEAChye4RXekEIv6B19LFrXUDFzAn+APn8A0JKOpQ==</latexit>

k±

k± ⇠ M2/Q ⌧ k? ⇠ M

Need to show that so>-gluon interac@ons are power suppressed

Soft gluon: 
<latexit sha1_base64="ITcuYf6r6w1IKoVjhCx0MkfkzBU=">AAACD3icbVDLSgMxFM3UVx1foy7dBIvSYi0zxddGKLhxI1SwD+i0QyZN2zDJzJBkhDL0D9z4K25cKOLWrTv/xvSx0Oq5XDiccy/JPX7MqFS2/WVkFhaXlleyq+ba+sbmlrW9U5dRIjCp4YhFoukjSRgNSU1RxUgzFgRxn5GGH1yN/cY9EZJG4Z0axqTNUT+kPYqR0pJnHQYdlyfwEuaDzlEx6BwXA8+NiYgL0JWUm/mboq6CZ+Xskj0B/EucGcmBGaqe9el2I5xwEirMkJQtx45VO0VCUczIyHQTSWKEA9QnLU1DxIlsp5N7RvBAK13Yi4TuUMGJ+nMjRVzKIff1JEdqIOe9sfif10pU76Kd0jBOFAnx9KFewqCK4Dgc2KWCYMWGmiAsqP4rxAMkEFY6QlOH4Myf/JfUyyXnrHR6e5KrlGdxZMEe2Ad54IBzUAHXoApqAIMH8ARewKvxaDwbb8b7dDRjzHZ2wS8YH98J3pl0</latexit>

kµ = (k+, k�, k?) ⇠ (M,M,M)

with 
<latexit sha1_base64="CJPxHO9qlunWhQJbg8J/vu7Yn0s=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBU9gNvo4BL16EBMwDkiXMTmaTMbMzy8ysEJb8gxcPinj1f7z5N06SPWhiQUNR1U13V5hwpo3nfTuFtfWNza3idmlnd2//wD08ammZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2H49uZ336iSjMpHswkoUGMh4JFjGBjpdZ9j3PU6Ltlr+LNgVaJn5My5Kj33a/eQJI0psIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGupwDHVQTa/dorOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URDdBxkSSGirIYlGUcmQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtkQ/OWXV0mrWvGvKpeNi3KtmsdRhBM4hXPw4RpqcAd1aAKBR3iGV3hzpPPivDsfi9aCk88cwx84nz/fc46i</latexit>

M ⌧ Q

So[ gluon is forced in the Glauber region
<latexit sha1_base64="UhV+m0tLjLJDBPDJY8x9dLTUOIc=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDJTfC0LbtwUKtgHdMaSyWTa0CQzJBmhDP0AN/6KGxeKuPUD3Pk3pu0sauuBwOGcc7m5x48ZVdq2f6zcyura+kZ+s7C1vbO7V9w/aKkokZg0ccQi2fGRIowK0tRUM9KJJUHcZ6TtD28mfvuRSEUjca9HMfE46gsaUoy0kXrF0vDB5YmrKIdll5m5AMH6GZyj9VOTsiv2FHCZOBkpgQyNXvHbDSKccCI0ZkiprmPH2kuR1BQzMi64iSIxwkPUJ11DBeJEeen0mDE8MUoAw0iaJzScqvMTKeJKjbhvkhzpgVr0JuJ/XjfR4bWXUhEnmgg8WxQmDOoITpqBAZUEazYyBGFJzV8hHiCJsDb9FUwJzuLJy6RVrTiXlYu781KtmtWRB0fgGJSBA65ADdyCBmgCDJ7AC3gD79az9Wp9WJ+zaM7KZg7BH1hfv5TgmVk=</latexit>

kµ ⇠ (�M,�M,M)
<latexit sha1_base64="8AHEO4sxF9hn/nvKxWd6CQQeNRw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFc1aT4WhbcuBFasA9oQplMJu3QySTMTAol9E/cuFDErX/izr9x2mahrQcGDuecy71zgpQzpR3n21pb39jc2i7tlHf39g8O7aPjtkoySWiLJDyR3QArypmgLc00p91UUhwHnHaC0f3M74ypVCwRT3qSUj/GA8EiRrA2Ut+2PW7CIUaeYjF6vGz27YpTdeZAq8QtSAUKNPr2lxcmJIup0IRjpXquk2o/x1Izwum07GWKppiM8ID2DBU4psrP55dP0blRQhQl0jyh0Vz9PZHjWKlJHJhkjPVQLXsz8T+vl+nozs+ZSDNNBVksijKOdIJmNaCQSUo0nxiCiWTmVkSGWGKiTVllU4K7/OVV0q5V3ZvqdfOqUq8VdZTgFM7gAly4hTo8QANaQGAMz/AKb1ZuvVjv1sciumYVMyfwB9bnDzmokrQ=</latexit>

� ⇠ M/Qwith 

Glauber pinch:
<latexit sha1_base64="kV5Y0JYZezjvfW/FkPrn8WgTwP4=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUi2Wm+FoW3LisYB/QmZZMmrZhMklIMmIp/Qc3/oobF4q4dePOvzF9IFo9EDiccy8354SSUW1c99NJLSwuLa+kVzNr6xubW9ntnZoWicKkigUTqhEiTRjlpGqoYaQhFUFxyEg9jC7Hfv2WKE0FvzEDSYIY9TjtUoyMldrZo/xdpRAdtkoF6hOpKRMc+lIJaQSMWsewAL/1djbnFt0J4F/izUgOzFBpZz/8jsBJTLjBDGnd9FxpgiFShmJGRhk/0UQiHKEeaVrKUUx0MJxkGsEDq3RgVyj7uIET9efGEMVaD+LQTsbI9PW8Nxb/85qJ6V4EQ8plYgjH00PdhEEbeFwQ7FBFsGEDSxBW1P4V4j5SCBtbY8aW4M1H/ktqpaJ3Vjy9PsmVS7M60mAP7IM88MA5KIMrUAFVgME9eATP4MV5cJ6cV+dtOppyZju74Bec9y/Bp5zS</latexit>

(xP + k)2 + i✏ / k� + i✏
<latexit sha1_base64="mZbKsjNNZvltlWZUuCFdCZo3HE0=">AAACFnicbVDLSgMxFM34rPVVdekmWIQWmTJTfC0LblxWsA9opyWTpm1oJglJRixDv8KNv+LGhSJuxZ1/Y/pAtPVA4HDOvdycE0pGtfG8L2dpeWV1bT21kd7c2t7ZzeztV7WIFSYVLJhQ9RBpwignFUMNI3WpCIpCRmrh4Grs1+6I0lTwWzOUJIhQj9MuxchYqZ1xcznfvc+X3UG+VTyhTSI1ZYLDplRCGgEHLRe6P3I7k/UK3gRwkfgzkgUzlNuZz2ZH4Dgi3GCGtG74njRBgpShmJFRuhlrIhEeoB5pWMpRRHSQTGKN4LFVOrArlH3cwIn6eyNBkdbDKLSTETJ9Pe+Nxf+8Rmy6l0FCuYwN4Xh6qBszaPOOO4Idqgg2bGgJworav0LcRwphY5tM2xL8+ciLpFos+OeFs5vTbKk4qyMFDsERyAEfXIASuAZlUAEYPIAn8AJenUfn2Xlz3qejS85s5wD8gfPxDSJ2nYM=</latexit>

((1� x)P � k)2 + i✏ / k� � i✏

Same for k+ when it flows through B

B

A
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Drell-Yan Process in QCD – Factorization

q Most difficult part of factorizaTon:

All iden@fied leading integra@on regions are factorizable!

² Sum over all final states to remove all poles in one-half plane  –  no more pinch poles

² Deform the  integration out of the trapped soft region

² Leading power from “      flows into A (moving in + direction) & flows into B (moving in – direction)”

² Eikonal approximation               soft gluons to eikonal lines  –  gauge links 

² Collinear factorization:  Unitarity               soft factor = 1

<latexit sha1_base64="/Kwd+Ry/E7jbC+GWLkPzqsxj0Gw=">AAACDnicbVBLSwMxGMz6rPW16tFLsBQqSNktvo4FL16ECvYB3bVks9k2NMkuSVYoS3+BF/+KFw+KePXszX9j2u5BWwdChplvSL4JEkaVdpxva2l5ZXVtvbBR3Nza3tm19/ZbKk4lJk0cs1h2AqQIo4I0NdWMdBJJEA8YaQfDq4nffiBS0Vjc6VFCfI76gkYUI22knl0e3ns8hZ6iHN5UPGaSITqZu497dsmpOlPAReLmpARyNHr2lxfGOOVEaMyQUl3XSbSfIakpZmRc9FJFEoSHqE+6hgrEifKz6TpjWDZKCKNYmiM0nKq/ExniSo14YCY50gM1703E/7xuqqNLP6MiSTURePZQlDKoYzjpBoZUEqzZyBCEJTV/hXiAJMLaNFg0JbjzKy+SVq3qnlfPbk9L9VpeRwEcgiNQAS64AHVwDRqgCTB4BM/gFbxZT9aL9W59zEaXrDxzAP7A+vwBpjybMA==</latexit>

kµ ⇠ M(�,�,�)
<latexit sha1_base64="RPXkQNGqDayniFoCSMZmIwJdDfc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48VTFtoY9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3M79zhNVmsXywUwTGgg8kixiBBsr+ZPHfiIG1Zpbd3OgVeIVpAYFWoPqV38Yk1RQaQjHWvc8NzFBhpVhhNNZpZ9qmmAywSPas1RiQXWQ5cfO0JlVhiiKlS1pUK7+nsiw0HoqQtspsBnrZW8u/uf1UhPdBBmTSWqoJItFUcqRidH8czRkihLDp5Zgopi9FZExVpgYm0/FhuAtv7xK2o26d1W/vL+oNRtFHGU4gVM4Bw+uoQl30AIfCDB4hld4c6Tz4rw7H4vWklPMHMMfOJ8/0YiOqA==</latexit>

k±

<latexit sha1_base64="2PyoOs9AmMpHAfUTWEnhcUAF/E0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbAbfB0DXjxGNA9I1jA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJIPZhyjH9KB5H3OqLHS/ejxrFssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/2Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Wb64Oy9VK1kceTiCYzgFD66gCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwB7q6NiA==</latexit>

k�
<latexit sha1_base64="dYOqz4YS+VGm6IsbcARDacnvWK8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvHiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOl+9HjWbdYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/tp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0KmXvsnxxd16qVrI48nAEx3AKHlxBFW6hBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kD66aNhg==</latexit>

k+



32

Factorized Drell-Yan Cross Sec=on

+O(1/Q)

<latexit sha1_base64="AGCFh9+qi5+LycpDbGXxR6ln9vs=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4EJKUkp1IxTcuGyhL2jTMJlM26GTSTozEULoxl9x40IRt36GO//GaZuFth64cDjnXu69x4sYlcqyvo3cxubW9k5+t7C3f3B4ZB6ftGUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6TjTe7nfueRCElD3lRJRJwAjTgdUoyUllzzzB9UpvAO+o1BuX/tJ7oG5anbdM2iVbIWgOvEzkgRZKi75lffD3EcEK4wQ1L2bCtSToqEopiRWaEfSxIhPEEj0tOUo4BIJ108MIOXWvHhMBS6uIIL9fdEigIpk8DTnQFSY7nqzcX/vF6shrdOSnkUK8LxctEwZlCFcJ4G9KkgWLFEE4QF1bdCPEYCYaUzK+gQ7NWX10m7XLKrpUqjUqxVszjy4BxcgCtggxtQAw+gDloAgxl4Bq/gzXgyXox342PZmjOymVPwB8bnDwSUlLw=</latexit>

d4q = dQ2 dy d2qTfor                   or        integrated Drell-Yan cross sections: q? ⇠ Q
<latexit sha1_base64="KNmOXIfu5xMC0bbsNB3ueFbXK3E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSVDwVvHisYD+gDWWznbRLN5t1dyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhZIzbTzv2ymsrW9sbhW3Szu7e/sH5cOjlk5SRbFJE56oTkg0ciawaZjh2JEKSRxybIfj25nffkKlWSIezERiEJOhYBGjxFip/djvSVSyX654VW8Od5X4OalAjka//NUbJDSNURjKidZd35MmyIgyjHKclnqpRknomAyxa6kgMeogm587dc+sMnCjRNkSxp2rvycyEms9iUPbGRMz0sveTPzP66Ymug4yJmRqUNDFoijlrknc2e/ugCmkhk8sIVQxe6tLR0QRamxCJRuCv/zyKmldVP3Lau2+Vqnf5HEU4QRO4Rx8uII63EEDmkBhDM/wCm+OdF6cd+dj0Vpw8plj+APn8wd3KY+k</latexit>q?

The so_ factor,        , is universal, could be absorbed into the defini;on of 
TMD parton distribu;on

q Spin dependence:

The factoriza;on arguments at the leading power are 
independent of the spin states of the colliding hadrons  

Same formula with polarized PDFs for γ*,W/Z, H0…

q TMD factorization (                 ) – active parton is still pinched to be on-shell:
<latexit sha1_base64="vv5D9Exp43w0zR/UQprafB6I2n0=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jEB84DsEmYns8mQ2dnJzGwgLPkOLx4U8erHePNvnCR70MSChqKqm+6uUHKmjet+OxubW9s7u4W94v7B4dFx6eS0pZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4epj77QlVmiXiyUwlDWI8ECxiBBsrBeOeL6mSyOccNXqlsltxF0DrxMtJGXLUe6Uvv5+QNKbCEI617nquNEGGlWGE01nRTzWVmIzwgHYtFTimOsgWR8/QpVX6KEqULWHQQv09keFY62kc2s4Ym6Fe9ebif143NdF9kDEhU0MFWS6KUo5MguYJoD5TlBg+tQQTxeytiAyxwsTYnIo2BG/15XXSqla828pN47pcq+ZxFOAcLuAKPLiDGjxCHZpAYAzP8ApvzsR5cd6dj2XrhpPPnMEfOJ8/Fz+Rng==</latexit>

q? ⌧ Q

q Collinear factorization – single hard scale (              ):   
<latexit sha1_base64="cuNPa7DrvYSOM5+DOw0eA1J4bS8=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jEB84DsGmYns8mQmd1xZlYJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrlJxp47rfzsrq2vrGZmGruL2zu7dfOjhs6SRVhDZJwhPVCbGmnMW0aZjhtCMVxSLktB2ObqZ++5EqzZL4zowlDQQexCxiBBsr3T/0fEmVRL5mAjV6pbJbcWdAy8TLSRly1HulL7+fkFTQ2BCOte56rjRBhpVhhNNJ0U81lZiM8IB2LY2xoDrIZldP0KlV+ihKlK3YoJn6eyLDQuuxCG2nwGaoF72p+J/XTU10HWQslqmhMZkvilKOTIKmEaA+U5QYPrYEE8XsrYgMscLE2KCKNgRv8eVl0qpWvMvKReO8XKvmcRTgGE7gDDy4ghrcQh2aQEDBM7zCm/PkvDjvzse8dcXJZ47gD5zPH+yjkhk=</latexit>

q? ⇠ Q
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Factorization for more than Two Hadrons

q FactorizaTon for high pT single hadron: Nayak, Qiu, Sterman, 2006

�,W/Z, `(s), jet(s)
B,D,⌥, J/ ,⇡, ...

+ O (1/PT
2)

pT � m & ⇤QCD

dσ AB→C+X pA, pB , p( )
dydpT

2
= φA→a x,µF

2( )
a,b,c
∑ ⊗φB→b x ',µF

2( )

                                 ⊗
dσ̂ ab→c+X x,x ', z, y, pT

2µF
2( )

dydpT
2

⊗ Dc→C z,µF
2( )

² Fragmenta;on func;on:

² Choice of the scales:

( )2,c C FzD µ®

2 2
Fac r n

2
e Tpµ µ» »

To minimize the size of logs in the coefficient functions

Same arguments work for 
more final-state hadrons if 
every pair of hadrons have 
an invariant mass >> LQCD
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Predic=ve Power of QCD Factoriza=on

q Universality of non-perturbative hadron structure + calculable matching coefficients:

<latexit sha1_base64="dVKft1ZXozOCpey37MQssU8cZ70=">AAACCHicbVDLSgMxFM3UVx1fVZcuDBZBKJQZKepGKIjgcgTbDnTGkknTNjTJDElGKMMs3fgrblwo4tZPcOffmD4W2nogcDjnXm7OiRJGlXacb6uwtLyyulZctzc2t7Z3Srt7TRWnEpMGjlks/QgpwqggDU01I34iCeIRI61oeDX2Ww9EKhqLOz1KSMhRX9AexUgbqVM6DBTtc9TJWMULdAxZxc/vs0ByeO17uX3ZKZWdqjMBXCTujJTBDF6n9BV0Y5xyIjRmSKm26yQ6zJDUFDOS20GqSILwEPVJ21CBOFFhNgmSw2OjdGEvluYJDSfq740McaVGPDKTHOmBmvfG4n9eO9W9izCjIkk1EXh6qJcyaBKPW4FdKgnWbGQIwpKav0I8QBJhbbqzTQnufORF0jytumfV2m2tXK/N6iiCA3AEToALzkEd3AAPNAAGj+AZvII368l6sd6tj+lowZrt7IM/sD5/ACW2mLo=</latexit>

�EXP
l+P!l+X =

<latexit sha1_base64="WJRqgP4gMZgLg3plT9PWGwSek1I=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBCEQNiVoB4DuXiMYB6QrGF2MkmGzM4uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dtbWNza3tnM7+d29/YPDwtFx00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwrs381iPXRkTqHicx90M6VGIgGEUrPdR6qSyNuxgRWWpPe4WiW3bnIKvEy0gRMtR7ha9uP2JJyBUySY3peG6Mfko1Cib5NN9NDI8pG9Mh71iqaMiNn86vnpJzq/TJINK2FJK5+nsipaExkzCwnSHFkVn2ZuJ/XifBwY2fChUnyBVbLBokktgvZxGQvtCcoZxYQpkW9lbCRlRThjaovA3BW355lTQvy95VuXJXKVYrWRw5OIUzuAAPrqEKt1CHBjDQ8Ayv8OY8OS/Ou/OxaF1zspkT+APn8weigJHr</latexit>

Cl+k!l+X
<latexit sha1_base64="q052HLKbUk/kjzbM3Crq4pgFoeQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAYhIsTpIWS5Bbx4MwGzQDIJPZ1O0qRnobtHiEPwV7x4UMSr/+HNv7EniaCiDwoe71VRVc8NOZPKsj6M1Mrq2vpGejOztb2zu2fuHzRlEAlCGyTggWi7WFLOfNpQTHHaDgXFnstpy51cJn7rlgrJAv9GTUPqeHjksyEjWGmpbx6dx12CObye5ep92bMv6j37rG9mrbxlWQghmBBUKlqaVCplG5UhSiyNLFii1jffu4OARB71FeFYyg6yQuXEWChGOJ1lupGkISYTPKIdTX3sUenE8+tn8FQrAzgMhC5fwbn6fSLGnpRTz9WdHlZj+dtLxL+8TqSGZSdmfhgp6pPFomHEoQpgEgUcMEGJ4lNNMBFM3wrJGAtMlA4so0P4+hT+T5p2HhXzhXohW7WXcaTBMTgBOYBACVTBFaiBBiDgDjyAJ/Bs3BuPxovxumhNGcuZQ/ADxtsnVUiT1A==</latexit>

+O(Q2
s/Q

2)

<latexit sha1_base64="q052HLKbUk/kjzbM3Crq4pgFoeQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAYhIsTpIWS5Bbx4MwGzQDIJPZ1O0qRnobtHiEPwV7x4UMSr/+HNv7EniaCiDwoe71VRVc8NOZPKsj6M1Mrq2vpGejOztb2zu2fuHzRlEAlCGyTggWi7WFLOfNpQTHHaDgXFnstpy51cJn7rlgrJAv9GTUPqeHjksyEjWGmpbx6dx12CObye5ep92bMv6j37rG9mrbxlWQghmBBUKlqaVCplG5UhSiyNLFii1jffu4OARB71FeFYyg6yQuXEWChGOJ1lupGkISYTPKIdTX3sUenE8+tn8FQrAzgMhC5fwbn6fSLGnpRTz9WdHlZj+dtLxL+8TqSGZSdmfhgp6pPFomHEoQpgEgUcMEGJ4lNNMBFM3wrJGAtMlA4so0P4+hT+T5p2HhXzhXohW7WXcaTBMTgBOYBACVTBFaiBBiDgDjyAJ/Bs3BuPxovxumhNGcuZQ/ADxtsnVUiT1A==</latexit>

+O(Q2
s/Q

2)

<latexit sha1_base64="q052HLKbUk/kjzbM3Crq4pgFoeQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAYhIsTpIWS5Bbx4MwGzQDIJPZ1O0qRnobtHiEPwV7x4UMSr/+HNv7EniaCiDwoe71VRVc8NOZPKsj6M1Mrq2vpGejOztb2zu2fuHzRlEAlCGyTggWi7WFLOfNpQTHHaDgXFnstpy51cJn7rlgrJAv9GTUPqeHjksyEjWGmpbx6dx12CObye5ep92bMv6j37rG9mrbxlWQghmBBUKlqaVCplG5UhSiyNLFii1jffu4OARB71FeFYyg6yQuXEWChGOJ1lupGkISYTPKIdTX3sUenE8+tn8FQrAzgMhC5fwbn6fSLGnpRTz9WdHlZj+dtLxL+8TqSGZSdmfhgp6pPFomHEoQpgEgUcMEGJ4lNNMBFM3wrJGAtMlA4so0P4+hT+T5p2HhXzhXohW7WXcaTBMTgBOYBACVTBFaiBBiDgDjyAJ/Bs3BuPxovxumhNGcuZQ/ADxtsnVUiT1A==</latexit>

+O(Q2
s/Q

2)

<latexit sha1_base64="q052HLKbUk/kjzbM3Crq4pgFoeQ=">AAAB/XicdVDJSgNBEO2JW4zbuNy8NAYhIsTpIWS5Bbx4MwGzQDIJPZ1O0qRnobtHiEPwV7x4UMSr/+HNv7EniaCiDwoe71VRVc8NOZPKsj6M1Mrq2vpGejOztb2zu2fuHzRlEAlCGyTggWi7WFLOfNpQTHHaDgXFnstpy51cJn7rlgrJAv9GTUPqeHjksyEjWGmpbx6dx12CObye5ep92bMv6j37rG9mrbxlWQghmBBUKlqaVCplG5UhSiyNLFii1jffu4OARB71FeFYyg6yQuXEWChGOJ1lupGkISYTPKIdTX3sUenE8+tn8FQrAzgMhC5fwbn6fSLGnpRTz9WdHlZj+dtLxL+8TqSGZSdmfhgp6pPFomHEoQpgEgUcMEGJ4lNNMBFM3wrJGAtMlA4so0P4+hT+T5p2HhXzhXohW7WXcaTBMTgBOYBACVTBFaiBBiDgDjyAJ/Bs3BuPxovxumhNGcuZQ/ADxtsnVUiT1A==</latexit>

+O(Q2
s/Q

2)

q Hadron structure = Theory + Experiment + Phenomenology:

§ Factoriza)on    – Iden)fy “Good” observables (Theory)
§ Measurement  – Get “Reliable” data (Experiment)
§ Global analysis – Extract “Universal” structure informa)on (Phenomenology)
                                  by solving an inverse problem

Plus other factorizable 
observables – cross sections

Plus LQCD calculable &
factorizable hadron 

matrix elements 
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QCD Global Analysis of Experimental Data (as well as Lattice Data)

q It is an inverse problem: Flavors: u, d, s, …; g
Spin (quark, gluon hadron)

Momentum/position
(Before/after the collision)QCD Factorization

Theorem

<latexit sha1_base64="k3sLoPlC0wFfnhVu1GzGMi7cvzc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOZpMhszPLTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0N/NbT9xYodUjjlMeJnSgRCwYRSe1uhpFwm2vXPGr/hxklQQ5qUCOeq/81e1rliVcIZPU2k7gpxhOqEHBJJ+WupnlKWUjOuAdRxV1S8LJ/NwpOXNKn8TauFJI5urviQlNrB0nketMKA7tsjcT//M6GcY34USoNEOu2GJRnEmCmsx+J31hOEM5doQyI9ythA2poQxdQiUXQrD88ippXlSDq2rwcFmp3eZxFOEETuEcAriGGtxDHRrAYATP8ApvXuq9eO/ex6K14OUzx/AH3ucPh+OPsw==</latexit>⌦
Analytical 
Coefficient 

functions derived 
from QCD 

perturbation theory  

Quantum
Correlation
Functions of 

quarks and gluons 
Unknown

Systematic 
error from 

theory

<latexit sha1_base64="5tN7BPFjqMy29LJJcZjo+qdP7EE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRT0GvXhMwDwgCWF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7/FhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHd1O/+YRK80g+mHGM3ZAOJA84o8ZKtbNeseSW3RnIMvEyUoIM1V7xq9OPWBKiNExQrdueG5tuSpXhTOCk0Ek0xpSN6ADblkoaou6ms0Mn5MQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgpptyGScGJZsvChJBTESmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyXvavyRe2yVLnN4sjDERzDKXhwDRW4hyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD3QhjLc=</latexit>

+
<latexit sha1_base64="J545IOvIGTinsQTsWCLLRKX+t5A=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgKSSlqBeh4MVjBfsBTSib7aZdutmE3YlQSv+GFw+KePXPePPfuGlz0NYHwzzem2FnX5gKrtF1v63SxubW9k55t7K3f3B4VD0+6egkU5S1aSIS1QuJZoJL1kaOgvVSxUgcCtYNJ3e5331iSvNEPuI0ZUFMRpJHnBI0kn/rc4mO4+RtUK25jruAvU68gtSgQGtQ/fKHCc1iJpEKonXfc1MMZkQhp4LNK36mWUrohIxY31BJYqaD2eLmuX1hlKEdJcqURHuh/t6YkVjraRyayZjgWK96ufif188wuglmXKYZMkmXD0WZsDGx8wDsIVeMopgaQqji5labjokiFE1MFROCt/rlddKpO96V03ho1Jr1Io4ynME5XIIH19CEe2hBGyik8Ayv8GZl1ov1bn0sR0tWsXMKf2B9/gAKh5EA</latexit>

=

Z
...

Z

Experimental
data

Future EIC

Bayesian inference
Theory/Phenomenology

AI/ML, Computation

Quark
Polarization

Nucleon
Polarization

Extract QCFs

,                , …
<latexit sha1_base64="/EBU0RwS7z76TAWn02Qs96HAAYM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqHgqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaib9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+ANqfjPU=</latexit>p

q  Input for QCD Global analysis/fihng:

PDFs, FFs at an input scale: 
�f/h(x, µ

2
0, {↵j})

Input scale ~ GeV FiPng paramters
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PDFs from Global Analysis

q Q2-dependence is a prediction of pQCD calculation:
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q  Physics interpretaTon of PDFs:
Probability density to find a parton of flavor “f”
carrying momentum frac)on “x”, probed at a scale of “Q2” 

² Number of partons:

² Momentum frac)on:

f(x,Q2) :

Z 1

0
dxuv(x,Q

2) = 2,

Z 1

0
dx dv(x,Q

2) = 1

hx(Q2)if =

Z 1

0
dx x f(x,Q2)

X

f

hx(Q2)i = 1
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Scaling and Scaling Viola=on

Q2-dependence is a prediction of pQCD calculation

Fit Quality:
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QCD FactorizaBon Works to the Precision

q  Data sets for Global Fits: q  Kinematic Coverage:

q  Fit Quality: NNPDF
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Unprecedent Success of QCD and Standard Model

SM: Electroweak processes + QCD perturbation theory + PDFs works!
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Probes for 3D Hadron Structure

q  Single scale hard probe is too “localized”:

o Transverse confined motion: kT ~ 1/fm  <<  Q 

o It pins down the par)cle nature of quarks and gluons

o But, not very sensi)ve to the detailed structure of hadron ~ fm

o Transverse spa)al posi)on:          bT ~ fm  >>  1/Q 

bT

kT
xp

1/Q

q  Need new type of “Hard Probes” – Physical observables with TWO Scales:

Hit the hadron “very hard” without breaking it, 
clean information on the structure! 

Q1 � Q2 ⇠ 1/R ⇠ ⇤QCD

Hard scale:                  To localize the probe particle nature 
                       of quarks/gluons

Q1

“So_” scale:                could be more sensi)ve to the 
                                       hadron structure ~ 1/fm

Q2
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From One-Scale to Two-Scale Observables
q Drell-Yan process in hadron-hadron collisions:

The process:

One-scale case:
( ) ( ) ( ) ( )2

'
'

,

1

'

e

0
2

1DY
'

0

l '
' '

ˆ , ,, ,
    ff

f f
f f

A Bhh A B d p pd x x
x x x

qp p
d d

d d
q

x
Q Q

ss
f f=åò ò

<latexit sha1_base64="7qTh1HOfHatif51BHtf5ulMF1nA="></latexit>

Q2 ⌘ q2 = (l + l̄)2 � ⇤2
QCD ⇠ 1/R2

hHard scale – invariant mass of the lepton-pair:  

Two-scale case:
<latexit sha1_base64="9v9irAoc+v94YnqkKBpaQPoBGLI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZSkFHUjFNy4bKEvaNIwmUzaoZNHZyZCKF268VfcuFDErZ/gzr9x0mahrQcu93DOvczc48aMCmkY31phbX1jc6u4XdrZ3ds/0A+POiJKOCZtHLGI91wkCKMhaUsqGenFnKDAZaTrju8yv/tAuKBR2JJpTOwADUPqU4ykkhz91BvUJvAWeql1Cb3moAq9idPKmhWPqDNx9LJRMeaAq8TMSRnkaDj6l+VFOAlIKDFDQvRNI5b2FHFJMSOzkpUIEiM8RkPSVzREARH2dH7IDJ4rxYN+xFWFEs7V3xtTFAiRBq6aDJAciWUvE//z+on0b+wpDeNEkhAvHvITBmUEs1SgRznBkqWKIMyp+ivEI8QRliq7kgrBXD55lXSqFfOqUmvWyvVqHkcRnIAzcAFMcA3q4B40QBtg8AiewSt40560F+1d+1iMFrR85xj8gfb5A3Ttl7E=</latexit>

d4q = dy dQ2dq2T d�qHard scale:            So_ scale:            when   
<latexit sha1_base64="5a0bRtGRBsWXLKF/y4WY8UtpvZc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXosePHYgv2Adi3ZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnXR0litAOiXik+gHWlDNJO4YZTvuxolgEnPaC2V3m956o0iySD2YeU1/giWQhI9hkUvuxhkblilt1l0CbxMtJBXK0RuWv4TgiiaDSEI61HnhubPwUK8MIp4vSMNE0xmSGJ3RgqcSCaj9d3rpAV1YZozBStqRBS/X3RIqF1nMR2E6BzVSve5n4nzdITHjrp0zGiaGSrBaFCUcmQtnjaMwUJYbPLcFEMXsrIlOsMDE2npINwVt/eZN0a1WvUa2365VmLY+jCBdwCdfgwQ004R5a0AECU3iGV3hzhPPivDsfq9aCk8+cwx84nz8krI2c</latexit>

Q2
<latexit sha1_base64="zCWmPxWvcupO26ZnCHMooMMfG2w=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktpXosePFYoV/QriWbZtvYbLImWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmN3O/80SVZlI0zTSmfoRHgoWMYGOl9uOgeV9Bg2LJLbsLoHXiZaQEGRqD4ld/KEkSUWEIx1r3PDc2foqVYYTTWaGfaBpjMsEj2rNU4IhqP11cO0MXVhmiUCpbwqCF+nsixZHW0yiwnRE2Y73qzcX/vF5iwms/ZSJODBVkuShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBFWwI3urL66RdKXu1cvWuWqpXsjjycAbncAkeXEEdbqEBLSDwAM/wCm+OdF6cd+dj2ZpzsplT+APn8weyF46D</latexit>

q2T
<latexit sha1_base64="wmZjbV8OuR+LpUfVyxRJZIotaac=">AAAB9XicbZDLTsJAFIZP8YZ4Q126mUhMXJGWEHVJ4sYlJNwSKGQ6TMuE6bTMTDWk4T3cuNAYt76LO9/GAbpQ8E8m+fKfc3LO/F7MmdK2/W3ltrZ3dvfy+4WDw6Pjk+LpWVtFiSS0RSIeya6HFeVM0JZmmtNuLCkOPU473uR+Ue88UqlYJJp6FlM3xIFgPiNYG2vQGFRQPwjQdNg0NCyW7LK9FNoEJ4MSZKoPi1/9UUSSkApNOFaq59ixdlMsNSOczgv9RNEYkwkOaM+gwCFVbrq8eo6ujDNCfiTNExot3d8TKQ6VmoWe6QyxHqv12sL8r9ZLtH/npkzEiaaCrBb5CUc6QosI0IhJSjSfGcBEMnMrImMsMdEmqIIJwVn/8ia0K2XnplxtVEu1ShZHHi7gEq7BgVuowQPUoQUEJDzDK7xZT9aL9W59rFpzVjZzDn9kff4AaaaRHg==</latexit>

Q2 � q2T

q Matching between TMD and Collinear Region:
AN (Q2, pT )

pT

pT ⇠ QpT ⌧ Q

⇠ Qs

<latexit sha1_base64="LWrAqkoMuQW0XMlmwa3mZVZ+i+Y="></latexit>

d�EXP

dyd2pT dQ2
=

d�TMD

dyd2pT dQ2
+

d�CO

dyd2pT dQ2
� d�ASY

dyd2pT dQ2

<latexit sha1_base64="gf28XQia/+dnaMFVob2nI3WUzgk="></latexit>

d�ASY

dyd2pT dQ2
! d�TMD

dyd2pT dQ2

<latexit sha1_base64="z3IcHJ6RA6/1Ui+TSr2qo9qv3mY="></latexit>

d�ASY

dyd2pT dQ2
! d�CO

dyd2pT dQ2

<latexit sha1_base64="+SM9S9L9XTxNtt/UIy3X0W8RiTI=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmKr2XBjcsKfUETwmQ6aYdOJmFmIpbQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nTDlT2nG+rdLG5tb2Tnm3srd/cHhkH1e7KskkoR2S8ET2Q6woZ4J2NNOc9lNJcRxy2gsnd3O/90ilYolo62lK/RiPBIsYwdpIgV3NPRkjrGYeSoO2pxPkBHbNqTsLoHXiFqQGBVqB/eUNE5LFVGjCsVID10m1n2OpGeF0VvEyRVNMJnhEB4YKHFPl54vbZ+jcKEMUJdKU0Gih/p7IcazUNA5NZ4z1WK16c/E/b5Dp6NbPmUgzTQVZLooyjsyL8yDQkElKNJ8agolk5lZExlhiok1cFROCu/ryOuk26u51/erhstZsFHGU4RTO4AJcuIEm3EMLOkDgCZ7hFd6smfVivVsfy9aSVcycwB9Ynz/uGZOu</latexit>

as pT ! 0

<latexit sha1_base64="aZchiz9tfGrqnGTfnm4unP5zZeQ=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KknxtSy4cdlCX9CEMJlO2qEzSZiZiCX0V9y4UMStP+LOv3HaZqGtBy4czrmXe+8JU86Udpxva2Nza3tnt7RX3j84PDq2TypdlWSS0A5JeCL7IVaUs5h2NNOc9lNJsQg57YWT+7nfe6RSsSRu62lKfYFHMYsYwdpIgV3JPSkQVjMPpUHb0wlqBXbVqTkLoHXiFqQKBZqB/eUNE5IJGmvCsVID10m1n2OpGeF0VvYyRVNMJnhEB4bGWFDl54vbZ+jCKEMUJdJUrNFC/T2RY6HUVISmU2A9VqveXPzPG2Q6uvNzFqeZpjFZLooyjsyL8yDQkElKNJ8agolk5lZExlhiok1cZROCu/ryOunWa+5N7bp1VW3UizhKcAbncAku3EIDHqAJHSDwBM/wCm/WzHqx3q2PZeuGVcycwh9Ynz8gLJPP</latexit>

as pT ! Q
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Lepton-Hadron Semi-Inclusive Deep Inelastic Scattering (SIDIS)

42
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Transverse Momentum Dependent PDFs (TMDs)

43

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

q  Quark TMDs with polarization:

<latexit sha1_base64="WMs6UM7zPVhI1yUGG4tXTmxsn84="></latexit>
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q Polarized SIDIS: 
<latexit sha1_base64="ctUOj+gL0djBoHwQEhUukEl6wsA=">AAACEHicbVBLSwMxGMzWV62vVY9egkW6pVJ2i6jHghdPsoJ9QHdZsmm2Dc0+SLJKWfoTvPhXvHhQxKtHb/4b03YP2joQMsx8H8mMnzAqpGl+a4WV1bX1jeJmaWt7Z3dP3z9oizjlmLRwzGLe9ZEgjEakJalkpJtwgkKfkY4/upr6nXvCBY2jOzlOiBuiQUQDipFUkqdXiMGqtRvDPnXSBHEeP1ShI2Oo5EoV1oaG7Q3V3fX0slk3Z4DLxMpJGeSwPf3L6cc4DUkkMUNC9CwzkW6GuKSYkUnJSQVJEB6hAekpGqGQCDebBZrAE6X0YRBzdSIJZ+rvjQyFQoxDX02GSA7FojcV//N6qQwu3YxGSSpJhOcPBSmDKvG0HdinnGDJxoogzKn6K8RDxBGWqsOSKsFajLxM2o26dV43b8/KzUZeRxEcgWNgAAtcgCa4BjZoAQwewTN4BW/ak/aivWsf89GClu8cgj/QPn8APciZgA==</latexit>

e(l) +N(P, ") ! e(l0) + h(Ph) +X

Two planes
Leptonic plane
Hadronic plane

In photon-hadron frame:

Single Transverse-Spin
Asymmetry

Angular modulation provides the best 
way to separate TMDs
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TMDs:  Correlation between Hadron Property and Parton Flavor-Spin-Motion
q Quantum correlation between hadron spin and parton motion:

Hadron spin influences 
parton’s transverse mo@on

Sivers effect – Sivers func@on

Polarized hadron

Observed par@cle

q Quantum correlation between hadron spin and parton spin:

Observed particle

Polarized hadron

Hadron spin and parton spin
influence 

parton’s transverse motion

Pretzelosity – model OAM

q Quantum correla)on between parton’s spin and its hadroniza)on:

Parton’s transverse polariza@on
influences its hadroniza@on 

Transversity

Observed particle

Polarized hadron

Collins effect – Collins function Fig. 2.7 NAS Report
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§ Lec. 1:  EIC & Fundamentals of QCD
§ Lec. 2:  Probing Structure of Hadrons
                    without seeing Quark/Gluon?
                        – breaking the hadron!
§ Lec. 3:  Probing Structure of Hadrons
                    with polarized beam(s)
                        – Spin as another knob
§ Lec. 4:  Probing Structure of Hadrons
                    without breaking them? 
           Dense Systems of gluons
                        – Nuclei as Femtosize Detectors


